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Stable generalized complex structures 

Gil R. Cavalcanti* Marco Gualtieri 1 


A stable generalized complex structure is one that is generically symplectic but degenerates 
along a real codimension two submanifold, where it defines a generalized Calabi-Yau structure. We 
introduce a Lie algebroid which allows us to view such structures as symplectic forms. This allows us 
to construct new examples of stable structures, and also to define period maps for their deformations 
in which the background three-form flux is either fixed or not, proving the unobstructedness of 
both deformation problems. We then use the same tools to establish local normal forms for the 
degeneracy locus and for Lagrangian branes. Applying our normal forms to the four-dimensional 
case, we prove that any compact stable generalized complex 4-manifold has a symplectic completion, 
in the sense that it can be modified near its degeneracy locus to produce a compact symplectic 
4-manifold. 
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Introduction 


Generalized complex geometry [28, 22] is a common generalization of complex and symplectic ge¬ 
ometry in which the pointwise structure may be described as a symplectic subspace with transverse 
complex structure. This symplectic distribution is controlled by a real Poisson structure, and so its 
rank may vary in any given example. Four-dimensional generalized complex manifolds have been 
thoroughly investigated, the main focus being on structures which are generically symplectic and 
degenerate along a 2-dinrensional submanifold, which then inherits a complex structure rendering 
it a Riemann surface of genus one. In [8, 9, 19, 37, 38], many examples of generalized complex four- 
manifolds were found, the most interesting of which were on manifolds, such as CP 2 ffCP 2 ffCP 2 , 
which admit neither symplectic nor complex structures. 

In this paper we develop the main properties of stable generalized complex structures, in which 
the structure is generically symplectic but degenerates along a real codimension 2 submanifold D , 
a direct generalization of the four-dimensional case described above. We show that D inherits 
a generalized Calabi-Yau structure (of type 1) as well as a holomorphic structure on its normal 
bundle, and we prove that a tubular neighbourhood of D is completely classified by this data, 
a result which was not available even in dimension four. As an application of this result, we 
prove that any compact stable generalized complex 4-manifold has a symplectic completion, in 
the sense that it can be modified near D to produce a compact symplectic 4-manifold. We prove 
a similar normal form theorem for Lagrangian branes, half-dimensional submanifolds analogous 
to Lagrangians in symplectic geometry. This involves a generalization of the cotangent bundle 
construction in symplectic geometry, where for example, we associate a natural stable generalized 
6-manifold to any co-oriented link I\ C S' 3 , by modifying the cotangent bundle of S 3 along K in a 
certain way. We also provide a construction of stable structures on torus fibrations, obtaining, for 
instance, a stable structure on S 1 x S 5 . We then move to deformation theory and define two period 
maps controlling deformations of stable generalized complex structures on compact manifolds M. 
The first describes deformations with fixed background 3-form and is a map to H 2 (M\D, C), 
independently discovered by Goto [18]. The second describes simultaneous deformations of the 
pair (1, H) comprised of a stable structure 1 integrablc with respect to the 3-form H, and is a map 
to H 2 (M\D,'M.) © 7f 1 (U,R). In both cases, we obtain the unobstructedness of the deformation 
problem. Finally, we describe a number of topological constraints which the pair (M, D ) must 
satisfy in order to admit a stable generalized complex structure. These exclude, for example, the 
possibility that D is a positive divisor in a compact complex manifold M. 

The main insight behind the above results is that a stable generalized complex structure is 
equivalent to a complex log symplectic form, a complex 2-form with a type of logarithmic singular¬ 
ity along the divisor D and whose imaginary part defines an elliptic symplectic form , which is a 
symplectic form but for a Lie algebroid which we introduce called the elliptic tangent bundle. This 
approach, analogous to that taken in holomorphic log symplectic geometry [17] as well as in the 
recent development of real log symplectic geometry [26, 24, 31, 32, 7], justifies the intuition that 
a stable generalized complex structure is a type of singular symplectic structure, and it allows us 
to apply symplectic techniques such as Moser interpolation. For this reason, we carefully develop 
the theory of logarithmic and elliptic forms associated to smooth codimension 2 submanifolds. In 
particular, we compute the Lie algebroid cohomology of the elliptic tangent bundle and give an 
explicit description of its cup product. 

Organization of the paper: 

In Section 1, we introduce the notion of a complex divisor in the smooth category and its associated 
pair of Lie algebroids, the logarithmic tangent bundle (§1.1) and the elliptic tangent bundle (§1.2), 
which facilitate working with codimension 2 logarithmic forms. We describe the various residues of 
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an elliptic form (§1.3), allowing an explicit description of the elliptic de Rham cohomology and its 
cup product. We then compare (§1.4) the logarithmic and elliptic de Rham complexes in the case 
that the elliptic residue vanishes, a condition which is relevant since stable generalized complex 
structures satisfy it. We end with an alternative geometric definition of the key Lie algebroids we 
use, identifying them with certain generalized Atiyah algebroids (§1-5) and using this we obtain a 
key lemma (§1.6) that any family of complex divisors may be rectified in the smooth category. 

In Section 2 we introduce the main object of study: stable generalized complex structures. 
Sections §2.1-2.4 establish general results about the geometry of canonical line bundles and of 
generalized Calabi-Yau manifolds, and in §2.5 we define stable structures and determine in Theo¬ 
rem 2.19 the inherited geometry of the anticanonical divisor, ending with a method for constructing 
new examples (§2.6). 

In Section 3, we establish the equivalence between stable structures and complex log symplectic 
structures (Theorem 3.2), or with co-oriented elliptic symplectic structures (§3.1) if we consider 
only gauge equivalence classes of stable structures, and we use this to define two period maps, one 
for deformations in which H is fixed (§3.2) and one where it is not (§3.3). These then impose 
certain topological constraints on D and on its complement (§3.4). In the remainder of this section 
we establish three main local normal form theorems: Theorem 3.31 is a Darboux theorem for 
the neighbourhood of a point in D , Theorem 3.32 classifies a tubular neighbourhood of D , and 
Theorem 3.37 is a Lagrangian brane neighbourhood theorem. We prove our symplectic completion 
result for stable 4-manifolds (Theorem 3.35) using the second of these. 

The period maps defined in Section 3 establish the unobstructedness of the deformation prob¬ 
lems (with and without fixed 3-form flux), which suggests that the L algebras controlling them 
are formal. In Section 4 we prove that the dgLa controlling the first problem is in fact formal, 
and we prove that the algebra controlling the second is quasi-isomorphic to a formal dgLa; we 
conjecture (Conjecture 4.3) that our quasi-isomorphism extends to a L a0 morphism. 
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1 Complex divisors on smooth manifolds 

Definition 1.1. Let U be a smooth complex line bundle over the smooth n-manifold M, and let 
s £ C°°(M,U) be a section transverse to the zero section. We refer to the pair D = ( U,s ) as a 
complex divisor. 

Our nomenclature is by analogy with the well-known correspondence between holomorplric line 
bundles with section and divisors on complex manifolds. In our case, we regard the pair ([/, s) 
as the divisor, though we may abuse notation and use D to refer to the smooth real codimension 

2 submanifold given by the zero set of s. Note that as s vanishes transversely along D, it has a 
nonvanishing normal derivative which establishes an isomorphism between the real normal bundle 
N of D and the restriction of U to D. 


d u s : N -> U\d ■ 


( 1 . 1 ) 
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As a result, we obtain a complex structure on N, and so D is co-oriented, defining an integral class 
in the second cohomology group H 2 (M,Z) which coincides with the Chern class of U , just as in 
the holomorphic theory. 

We now observe that by considering infinitesimal symmetries of a complex divisor we obtain 
several useful Lie algebroids. 

1.1 The logarithmic tangent bundle 

Definition 1.2. The logarithmic tangent bundle associated to the complex divisor D is the Lie 
algebroid, denoted by T(— logD), given by the locally free sheaf of complex vector fields on M 
which preserve the ideal I s C C^{M) given by the image of the map 

C°°(M,U*) —?-> Cg°(M) . (1.2) 

The anchor map a : T(— log-D) —» T^M is defined by the inclusion of sheaves, and the bracket is 
inherited from the Lie bracket of vector fields. 

Away from the zero locus of s, the anchor is an isomorphism, and we give an explicit description 
of T(— log-D) near a point on the zero locus as follows. By the transversality of s, we may choose 
a local trivialization in which s is given by the complex coordinate function w, and let x^,... ,x n 
be real functions forming a completion to a coordinate system, so that T£M is locally generated 
by (dw,dw,dx 3 ,... ,dx n ). Then the algebroid T(— log-D) is locally freely generated over Cg? as 
follows. 

T(-logD) = {wd w ,dio,d X 3 ,...,d Xn ) . (1.3) 

In the case of a nonsingular divisor T> on a complex manifold, with holomorphic log tangent bundle 
T(-logD), the above complex Lie algebroid coincides with the natural Lie algebroid structure on 
T(-logD) © T 0,1 M, the smooth Lie algebroid underlying the holomorphic one (see [30]). 

Also by analogy with the holomorphic case, we refer to the de Rham complex of the algebroid 
T(— log-D) as the logarithmic de Rham complex of the complex divisor D = (17, s). Similarly, 
we use the notation 12 fc (logD) for the sheaf of sections of the bundle of logarithmic k- forms; in 
particular 

Q k (M, log I?) = A fe (T(— log.D))*). (1.4) 

In the above coordinates, a general logarithmic form may be written as 

p = d\ogw A a + (3, (1.5) 

for uniquely determined a, /? in the subalgebra generated by (dw, dx 3 ,..., dx. n ). 

There are two important morphisms comparing the logarithmic de Rham complex with the 
usual de Rham complex. The first derives from the fact that the anchor map 

T(— log D) TM (1.6) 

is an isomorphism over the divisor complement, i.e. the nonvanishing locus of s. We obtain a 
pullback along the inclusion i of the complement: 

i* : n fc (AT,logD) H fc (M\D, C). (1.7) 

Just as in the holomorphic theory [20], i induces an isomorphism on cohomology groups. 
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Theorem 1.3. The inclusion of the divisor complement induces an isomorphism between the log¬ 
arithmic cohomology of (M, D) and the complex de Rham cohomology of the complement: 

H k (i*) : H k (M,logD) —^H k (M\D,C) . (1.8) 

Proof. As is done in the holomorphic case, we view the logarithmic cohomology as the hyper- 
cohomology of the sheaf-theoretic logarithmic de Rham complex, and similarly for the de Rham 
cohomology of the divisor complement. The pullback i* is a morphism of complexes of sheaves, 
and we verify that it is a quasi-isomorphism, in the sense that it induces an isomorphism on local 
cohomology sheaves. By the usual argument using the hypercohomology spectral sequence, the 
quasi-isomorphism induces an isomorphism on hypercohomology, yielding the result. 

Away from the divisor, i* is an isomorphism, so to prove it is a quasi-isomorphism we compute 
local cohomology in a small ball surrounding a point in D. With local coordinates chosen as above, 
the logarithmic cohomology is 1-dimensional in degrees 0 and 1 and zero otherwise, generated by 
a constant and by dlogic, respectively. Applying i* takes these to generators for the cohomology 
of the divisor complement in the ball, which is homotopic to the circle. Gff 

The second comparison map between usual and logarithmic forms is given by the residue map, 
which takes a logarithmic k- form to a usual ( k — l)-form along D. The residue of our general 
form (1.5) is given by 

Res(d log w A a + (3) = j*a, (1.9) 

where j : D M is the inclusion. Note that, in contrast to the holomorphic theory, the vanishing 
of the residue does not guarantee that a form is smooth, i.e. a member of the subcomplex of usual 
differential forms: it may have a nonvanishing component in the ideal generated by wd log w and 
dlog w A dw. 

Just as in the holomorphic theory, however, the residue defined above (1.9) is a cochain mor¬ 
phism and so induces a map of de Rham cohomology groups 

Res* : H k {M,\ogD) -»■ H k ~ 1 (D, C). (1.10) 

The topological description of this map is well-known in the study of residues in the holomorphic 
category, see e.g. [11]. We leave the translation of the usual proof to our situation to the reader. 

Proposition 1.4. The residue map coincides with the P oincare-Leray residue map in the Thom- 
Gysin sequence for inclusion i of the complement M\D into M. That is, we have the long exact 
sequence of cohomology groups with complex coefficients: 

-> H k {M) A H k (M\D) A H k ~ 1 {D) A H k+1 (M) -s- • • • (1.11) 

where R = 27rARes* and j* is the pushforward on cohomology associated to the co-oriented inclusion 
j : D ^ M. 

1.2 The elliptic tangent bundle 

Any complex divisor D = (17, s) determines a complex conjugate divisor D = (t/,s), with the 
same zero locus. As described above, this divisor gives rise to a Lie algebroid T(— logD), which is, 
appropriately, complex conjugate to T{— logU). In the same coordinates chosen above, we have 

T(— log D) = (d w ,wd iD ,d x 3 ,...,d Xn ). (1.12) 

The anchor maps a, a of the algebroids T(— log D), T(— log D) are transverse as bundle maps to 
T^M, and so there is a well-defined fibre product Lie algebroid, which is sent to itself by complex 
conjugation. 
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Definition 1.5. The elliptic tangent bundle associated to the complex divisor D = (U, s) is the real 
Lie algebroid T(— log|D|) whose complexification is the fiber product of the logarithmic tangent 
bundle of D with its complex conjugate. 

A convenient way to describe T(— log |D|) is as the real infinitesimal symmetries of the tensor 
product {U , s ( 8 > s) of D with D. While s ig> s is not transverse to the zero section, it defines an 
ideal of functions I s3 C as before; the elliptic algebroid is identified with the subsheaf of 

vector fields preserving this ideal. In the coordinate system chosen above, it is given by the vector 
fields preserving the quadratic defining function ww: in polar coordinates w = re lS , we have 

T(— log |D|) = (rd r , d 9 ,d X3 ,...,d Xn ). (1.13) 

In general, we may define the elliptic tangent bundle as follows. 

Definition 1.6. Let ( R,q ) be an elliptic divisor , consisting of a real line bundle R over M 
with a smooth section q whose zero set D is a smooth codimension 2 critical submanifold along 
which the normal Hessian is positive-definite. The sheaf of vector fields preserving the ideal 
I q = q(C°°(M,R*)) is called the elliptic tangent bundle associated to (7?, < 7 ). 

Note that the real line bundle R is oriented by q since it is a trivialization away from a codimen¬ 
sion 2 submanifold. Also, the normal Hessian referred to above is the leading term of the Taylor 
expansion of q: 

Hess(q) £ C°°(D, S 2 N* <g> R). (1.14) 

Using the Morse-Bott lemma and the factorization x 2 + y 2 = {x + iy)(x — iy) = ww, one sees that 
an elliptic divisor ( R , q) may be expressed as {U®U , s®s) for a complex divisor ({/, s) if and only if 
its zero set is co-orientable; then (U , s) is uniquely determined up to diffeomorphism by the choice 
of a co-orientation. 

1.3 Elliptic logarithmic cohomology 

We now describe the Lie algebroid de Rham complex of the elliptic tangent bundle T(— log|D|) 
associated to the elliptic divisor |D| = ( R,q ). We use D to denote the zero locus of q. In the main 
case of interest, ( R , q) shall be the elliptic divisor obtained from a complex divisor, i.e. q = s ® s. 
We use U fc (log|D|) to denote the smooth sections of A fc ((T(— log |D|))*) and call these elliptic 
forms. From (1.13) we see that locally, a general elliptic form may be written 

p = dlogr A d8 A po + dlogr A p\ + d9 A P 2 + P 3 , (1.15) 

with pi smooth forms. Just as for logarithmic forms, there is a well-defined pullback i* from 
logarithmic forms to the de Rham complex of the complement M\D (with real coefficients). In 
contrast to the previous case, however, since there are two independent singular generators dO, dlogr 
for the elliptic forms, we obtain several residue forms, which we organize as follows. 

The restriction of T(— log|D|) to D defines an algebroid of infinitesimal symmetries of the 
normal bundle TV of D ; it forms an exact sequence 

0—»K©{—»T(— log \D\)\ d ^ TD ^ 0, (1.16) 

where K is the trivial bundle generated by the Euler vector field E, and 1 = A 2 7V* © R is the 
adjoint bundle of infinitesimal rotations preserving the Hessian; when TV is orientable, a choice of 
orientation on TV distiguislres a global trivialization / of f, a complex structure which generates the 
S' 1 action on TV. So, the logarithmic forms, restricted along D , define algebroid forms for the above 
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algebroid. Therefore we may define an elliptic residue Res 9 and, if this vanishes, a complex residue 
Res c , by the canonical projection maps given by dualizing (1.16): 


Res 

0§(log |D|)-> Ll k (log |D|) — n k - 2 {D, {*) 

ng(iog|i>|)^^>n fc - 1 (AI©e*) 


(1.17) 


We denote the kernel of Res g by fiJ(log |Z?|); it is a natural subcomplex of the elliptic de Rham 
complex. The orientation bundle f is flat, and the elliptic residue is a degree —2 cochain map to 
Also, if N is oriented, I is trivialized and we may view Res c as a form with complex 
coefficients. Applied to the form (1.15) and using de to orient N, we define Res q (p) = j* po, and if 
this vanishes, we define 

Res c (p) = j*(pi - ip 2 ), (1.18) 

where j denotes the inclusion D ^ M. This complex residue is compatible with the logarithmic 
residue defined in (1.9): any p £ 0*(logD) may be pulled back to a complexified elliptic form, 
whose real and imaginary parts satisfy 

Res c (Re(p)) = *Res c (Im(p)) = Res(p). (1.19) 

The radial components of the residues Res g ,Res c play a special role. Quotienting the se¬ 
quence (1.16) by the Euler vector field E, we obtain the Atiyah algebroid of the circle bundle 
i S 1 N associated to the rank 2 bundle N, an extension as below: 

()->•*->• At(5 1 7V) -+TD^> 0. (1.20) 

Because T(— log |-D|)|d is an extension of At(S' 1 A^) by a trivial bundle, the elliptic residue factors 
through a radial residue map 

Res r : n k (\og \D\) -»■ C°°{D, A fc-1 At (S 1 ^)*), (1.21) 

Definition 1.7. The radial residue of the form (1.15) is given by 

Res r (p) = (d9 Ap 0 +Pi)\d, (1-22) 

well-defined as an algebroid form for the Atiyah algebroid of the principal circle bundle associated 
to the normal bundle of D. 

The radial residue may be viewed as an invariant form on the S 1 bundle S 1 N associated to 
N (i.e., the exceptional divisor of the real-oriented blow-up of M along D). Also, the contraction 
id e Res r (p) coincides with the elliptic residue. When this vanishes, Res r (p) coincides with the real 
part of the complex residue. We now compute the elliptic de Rham cohomology in terms of the de 
Rham cohomology of the complement and of the normal circle bundle. 

Theorem 1.8. Let \D\ be an elliptic divisor. Then the restriction of forms to the divisor comple¬ 
ment , together with the radial residue map, defines an isomorphism 

H k (\og\D\) = H k (M\D,R) ® (1.23) 

where S 1 N is the S 1 -bundle associated to the normal bundle of D. 
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Proof. Following the same strategy as in Theorem 1.3, we show that restriction to the complement, 
together with the radial residue, define a quasi-isomorphism of complexes of sheaves 

(**, Res r ) : fi fe (log \D\) —>■ fl fc (M\.D,R) © j*C°° (A k ~ 1 A*), (1.24) 

where j*C°°(A k A*) is the sheaf of algebroid forms for the Atiyah algebroid (1.20), pushed forward 
to a sheaf on M supported along D. Recall that A-forms may be viewed as invariant forms on 
S k N, so that this complex computes the required cohomology of S 1 N. 

For open sets disjoint from D , the map is an isomorphism of complexes. For a sufficiently small 
ball centered on a point in D, the cohomology of the complement of D is homotopic to the circle 
and the bundle S 1 N is locally trivial, so the right hand side has local cohomology given by 

H k (S 1 ,R)®H k ~ 1 (S 1 ,R) (1.25) 

We now compute the local cohomology of the left hand side. In a coordinate chart U as above, we 
choose the local splitting T(— log |D|) = E © F, with E generated by d X3 ,..., d Xn and F generated 
by rd ri dg. We then doubly grade the complex of logarithmic forms: 

(fi fe (C/, log \D\),d) = (®i+j-kC°°(A 1 E* ® A j F*),d E + d F ). (1.26) 

We compute cohomology using the spectral sequence of a double complex. The d E cohomology is 
easily computed by the Poincare lemma: it is generated by a constant in degree (0,0), the forms 
dlogr and d6 in degree (0,1), and dlogr A dO in degree (0, 2). The next differential is induced by 
dp, and vanishes since the aforementioned generators are closed. Further differentials vanish, hence 
we obtain 

#*([/,log |D|) = A*(M[dlogr] ©R[d0]). (1.27) 

Finally, observe that [d&\ generate the local cohomology of the complement, whereas Res r [d log r] 
1 and Res r [d log r A dd\ = [dd\ generate the local cohomology of the normal S 1 -bundle, establishing 
the quasi-isomorphism. □ 

Note that since the radial residue has cohomology class in H k ~ 1 (S 1 N), in the case that N is 
oriented, we may compose with the pushforward along n : Sh/V —> D to obtain the elliptic residue 
in H k ~ 2 (D). We may also use the Gysin sequence 

H k {D) —> ff^Sb/V) ———> H k ~ l (D) — H k+ \D) (1.28) 

to simplify the computation of elliptic de Rham cohomology: in the case that N is trivial, for 
example, we conclude from Theorem 1.8 that 

H k (log\D\) = H k (M\D,M.)®H k ~\D,M.)®H k - 2 (D,M.), (1.29) 

where the first component corresponds to the restriction to the complement, and the second and 
third components are the radial residue, consisting of the real part of the complex residue and the 
elliptic residue, respectively. 

Since the circle bundle S 1 N is homotopic to the intersection of a tubular neighbourhood of D 
with M\D , we have a canonical restriction homomorphism 

r : H k (M\D,R) -> PT^AbM), (1.30) 


which is important for describing the product on H *(log |£)|), as follows. 





Theorem 1.9. The cup product on H*{ log |D|) inherited from the differential graded algebra struc¬ 
ture on the elliptic de Rham complex decomposes according to the splitting (1.23) as a sum of the 
usual cup product on H'(M\D,W) and the composition 

H fc (5 1 iV) x H\M\D ) -^4 H k {S 1 N) x H^S'N) -^4 (SW) . (1.31) 

Proof. Choose a tubular neighbourhood and an identification with a neighbourhood IA of D in the 
normal bundle N. Choose a metric on N so that we have a well-defined radial coordinate r in U 
and we may write any elliptic form as p = d log r A a + /3 with i r d r a = irdrfi = 0- Denote the radial 
residue Res r (p) = a| r= o by olq. We may view a 0 as a C*-invariant elliptic form on tot(TV), and in 
this case the form d log r A ao has the same residue as p , and the restriction 

(p — dlogr A a 0 )|_D = /3| r =o (1-32) 

is a well-defined section /3q of A*(At(S' 1 fV)*) which we may again view as an invariant form on 
tot(iV). Therefore 

p — dlogr A ao — /3o (1.33) 

vanishes as a logarithmic form along D. Now observe that if dp = 0, then dao = 0 as well, 
and further d /% = 0. So, the form (1.33) is a closed elliptic form which vanishes along D. By 
Lemma 1.10, such a form is exact in LA , i.e., 

[p\ = [d log r A 0-0 +/?o]. (1-34) 

If we now restrict to the complement of D in LA , we see that dlogr A ao is exact, with primitive 
(logr)ao, and so [ p\ = [/3o] on U\D. Summarizing, we have 

ri*\p\ = [A)]- (1-35) 

If we apply this observation to the product of forms p = d log r A a + /3 and p' = d log r A a' + /?' 
of degree k and l respectively, we obtain equalities 

p A p' = dlogr A (a A + (—l) k (3 A a') + /3 A ft 

(1-36) 

Res r [p A p'] = Res r [p] U r{i*[p']) + (— l) fe r(i*[p]) U Res r [/f/], 

yielding the required expression for the elliptic cup product. □ 

Lemma 1.10. If a closed elliptic form vanishes along D, then it is trivial in the elliptic de Rham 
cohomology of a tubular neighbourhood of D. 

Proof. Choose a tubular neighbourhood U of D, which we identify with an S' 1 - invariant neigh¬ 
bourhood of the zero section in the total space of the normal bundle of D. By Theorem 1.8, the 
class defined by the closed elliptic form p has two components: one in H k (U\D, R) obtained by 
restricting to U\D , and another in H k ~ 1 (S 1 N, R), defined by the class of Res r (p). But this residue 
vanishes, since p vanishes along D. So it remains to show that p is exact on U\D. 

We prove this by showing first that p is cohomologous to a smooth fc-form p on M, and that 
this fc-form is zero when pulled back to D. Since M retracts onto D , this implies that [p] vanishes 
in H k (U, M), and hence in H k (U\D,M.), as required. 

We construct p by averaging the family of forms pt = 4>tP, t £ S 1 , where 4>t : U U is the 
circle action on the tubular neighbourhood. The rotational vector field generating the S 1 action is 
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a section of T(— log |D|), and so the averaging process acts trivially on H k (log \D\). If we locally 
trivialize the bundle and choose polar coordinates (r, 9) on the fibre, we may write 

p = dlogr A dd A p 0 + dlogr A pi + d 6 A p 2 + P 3 , (1-37) 

where pi are smooth forms independent of 9. Since the circle action fixes D , we also have that ~p, 
and hence each pi, vanishes along D. But this implies that each pi is divisible by r 2 in the smooth 
forms, and therefore that ~p is itself a smooth form. Finally, its pullback to D is the pullback of p% 
to D , which vanishes since ps vanishes along D. □ 

1.4 Comparison of elliptic and logarithmic forms 

Let lc(— log |D|) be the complexification of T(— log \D\) and let l be the algebroid morphism from 
Tc(—log|.D|) to T(-logD) coming from the definition of T(— log|D|) as the fibre product of the 
logarithmic tangent bundle with its complex conjugate. This defines a pullback morphism from 
logarithmic forms to the complexified elliptic forms: 

l* : ST (log D) -> n*(log|L>|). (1.38) 

Proposition 1.11. The composition Im* of l* with the projection to the imaginary part is a 
surjection from the log forms to the elliptic forms with zero residue, with kernel given by the real 
smooth forms, defining an exact sequence of complexes 

0->f2 # (M,R)-> ft*(logD) —> OJ5(log |D|)->0 (1.39) 

Proof. This is an exact sequence on the level of complexes of sheaves, so we may verify the statement 
locally in the coordinate system used above. A general log form p = d log w A a + 0 as in (1.5) has 
Res q {i*p) = 0 since it has no dlogw component, so the same is true of its real and imaginary parts, 
showing that Im* has the claimed codomain. We now show surjectivity of Im*: write a general real 
elliptic form as 

p = dlogw A dlogw A ia + d log w A 0 + dlogw A 0 + 7 , (1-40) 

where a, (3 ,7 are in the subalgebra generated by the remaining generators dx 3 ,..., dx n , and a , 7 
are real. This form has vanishing elliptic residue if and only if a vanishes along D, meaning 
a = wa' + wa' for smooth a!. Then we have 

p = dlogw A (/3 + dw A ia) + dlog w A (/? — dw A ia) + 7 , (1.41) 

but this is the imaginary part of 2i dlogw A (/? + dw A ia 1 ) + * 7 , a form in 11*(log D), as required. 

Injectivity at the first place follows from the fact that smooth forms form a subsheaf of the 
logarithmic forms. To show exactness at the middle place, suppose that Im*p = 0, i.e., 

0 = dlog w A a — dlog w A a + (3 — j3, (1-42) 

where a , /3 are in the subalgebra generated by (dw, dx %,..., dx n ). If we write a = d/w A oq + a 2 
and (3 = dw A (3\ + /? 2 , with a*, f3i in the subalgebra generated by (dx 3 ,..., dx n ), then we obtain 

0 = d log w A d log w A (wa 1 + wdi) 

+ dlogw A («2 — w(3i) + dlogw A («2 — wf3\) (1-43) 

+ (02 — I32)> 

and in this form each summand vanishes independently. This implies that each of a\ and a 2 , and 
therefore a, is divisible by w, which proves that p = dlog w A a + 0 is smooth. □ 
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Theorem 1.12. Let \D\ be an elliptic divisor. The same morphism (i*,Res r ) from Theorem 1.8, 
when applied to elliptic forms with vanishing elliptic residue, defines an isomorphism 

H k {\og\D\) = H k (M\D,R) ® H k ~\D,R), (1.44) 

where Uq (log |Z?|) denotes the cohomology of the complex (log \D\) of forms with vanishing elliptic 
residue. 

Proof. The same strategy employed in the proof of Theorem 1.8 may be used here, with two differ¬ 
ences: first, that when the elliptic residue vanishes, Res r maps naturally to fl fc_1 (.D,R) (without 
the need of a co-orientation), and second, that the local computation (1.27) is modified by the 
absence of the generator dlogr A dd. The remainder of the proof remains unchanged. □ 

We now combine our knowledge of the elliptic and logarithmic cohomology groups from Theo¬ 
rems 1.3 and 1.12 to give a purely topological description of the long exact sequence of cohomology 
groups resulting from the sequence (1.39). 

Theorem 1.13. The long exact sequence deriving from (1.39) may be written 

-> H k (M,R) —> H k (M\D,C) —> #0 (log \D\) —>■■■, (1.45) 

and splits according to decomposition (1.44) as a sum of the trivial sequence 

-> 0 —>■ Im {H k (M\D, C)) A H k (M\D , R) —» • • ■ (1.46) 

and the Thom-Gysin sequence associated to the inclusion i of M\D into M 

-> H k {M,R) -^Re(H k {M\D,C)) —> ff fc - 1 (T»,R) —>• • • • . (1.47) 

Proof. We first use Proposition 1.11 and Theorem 1.3 to write the sequence (1.45). The homo¬ 
morphism from H k (M, R) to the cohomology of the complement is simply i* , which maps only to 
the real part of H k (M\D, C). We now compute the induced map of Im* from sequence (1.39). 
Since the pullback to the complement commutes with taking imaginary part, the component of 
Im* mapping to H k (AI\D, R) is simply the projection to the imaginary part, as claimed in (1.46). 
The component of Im* mapping to H k ~ 1 (D , R) is induced by the map Res r o Im*, and since Res r 
coincides with the real part of the complex residue and we have identity (1.19), we have 

Res r o Im* = Re o Res c o Im* = —iRe o Res = — ( 2 - 7 r) _1 Re o R, (1-48) 

as operators on H k (M,logD), where R is the map from the Gysin sequence in Proposition 1.4, 
verifying (1.47). □ 

1.5 Atiyah algebroids 

In this supplementary section, we describe a useful geometric construction of the algebroids T{— log D ) 
and T{— log |£)|) which we associated to a complex divisor (U, s ) in the previous sections. 

The real derivations of U preserving its complex structure are the sections of the Atiyah algebroid 
of U, a real Lie algebroid forming an extension of the form 

0 ->• fll(Z7) ->• At(i7) ->• TM 0, (1.49) 
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where gl(17) ' s a trivial bundle generated over R by the identity endomorphism and the complex 
structure on U. If s is a section of U, then there is a vector bundle map 

ev s : At(17) ->• U (1.50) 

which evaluates a derivation on the given section s. Transversality of s is equivalent to the fact 
that ev s is a surjective map of real vector bundles. Since U has real rank 2, the kernel of ev s is a 
corank 2 subalgebroicl At(17, s) C At(17). In terms of vector fields, this subalgebroid consists of all 
C*-invariant real vector fields on the total space of U which are tangent to the image of the section 

s. 

Proposition 1.14. The subalgebroid At(U, s) C At(17) of symmetries ofU preserving s is identified 
with T(— log|Z?|) by the anchor map. 

Proof. Choose local coordinates as above near a point on D 1 and let r be a local trivialization for 
17*, so that it defines a complex fibre coordinate on U. The image of the section is cut out by the 
real and imaginary parts of the equation t = w. If we write w = re ie and r = te 1 ^, the invariant 
vector fields preserving this submanifold are then generated by 

( rd r + td t , d e + 84 ,, d X3 ,..., d Xn ). (1.51) 

Comparing with (1.13), we see that the anchor projection to TM factors through a canonical 
isomorphism to T(— log \D\). □ 

Remark 1.15. Proposition 1.14 provides an alternative definition of the elliptic tangent bundle, one 
with the advantage that it is described simply as the tangent bundle to a C* -invariant foliation 
on tot* (17), the total space of U with the zero section deleted. In the local calculation above, the 
foliation is given by the level sets of w/t, the function on tot*(17) determined by s. Note also that 
duality defines an isomorphism between tot*(17) and tot*(17*), so that we may work equivalently 
with a foliation on either space: the foliation described on tot* (17) is sent to the foliation on 
tot* (17*) defined by the level sets of s, viewed as a fibrewise linear function on the total space of 
17*. 

To obtain a similar geometric description of the complex log algebroid T(— logD), we begin by 
complexifying the Atiyah sequence (1.49), obtaining 

0 0 [(17 1 ’ 0 ) © gl(17 0 ’ 1 ) Ate(17) -»■ T C M -+ 0, (1.52) 

where we have decomposed U (g® C = U 1,0 © U 0 ’ 1 into the +i, —i eigenspaces of the given complex 
structure on 17, so that U 1 ’ 0 = U and 17 0,1 = U. Also, g[(17 1,0 ) and gl(17 0 ' 1 ) are trivial complex 
line bundles generated by rd T and Tdr , respectively, in the coordinates chosen above. As before, 
the sections of Ate (17) m ay be interpreted as C*-invariant complex vector fields on the total space 
of 17. 


The subalgebroid Ate(17, s) which preserves the section s (when it viewed as a section of 17 1,0 ) 
is then generated by 


(wd w “h T d T , T&Y) &uh 5 • • 


(1.53) 

so that we have the following diagram of algebroids: 

0 -> gl(17 1 ’ 0 ) © gl(? 7 0 ’ 1 ) —> At C (U) - 

-> TqM - y 0 

(1.54) 

J J 

T a 


0- 1 gl(f7 0,1 )-> At c (17, s) - 

4T(- log £>)-M) 
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In this way, T{— logD) is expressed as the quotient of Ate (17, s) by gl(f7 0,1 ). In fact, we may take 
the same quotient of Ate (17), obtaining an algebroid of the form 

0 ->• g(([/ 1 ’ 0 ) ->• At lfi {U) ->• T C M -> 0, (1.55) 

which involves only the vertical vector fields generated by rd T . Then the log tangent algebroid 
T(—log.D) includes as a subalgebroid of corank 1 in At 1,0 (f7). We may argue similarly for the 
complex conjugate divisor (17, s), and obtain the following result, summarizing the above discussion. 

Proposition 1.16. The subalgebroids Ate(17, s) an d Atc(17,s) of the complexified Atiyah algebroid 
Atc(17) map surjectively to T(—logD) and T{— log 73), respectively, with kernels g[(17 0,1 ) and 
g[(f7 1,0 ). Their intersection Ate(17, s) flAtc(17, s) is canonically identified with the complexification 
of the elliptic tangent bundle T{— log |Z3|). 

The algebroid morphisms used in Proposition 1.16 are displayed below. 



At c (17) 

/At I 


Ate (17, s) 

i 

T C M 

Ate (17, s) 

1 > 


<? I 

T(— log D) 

At(f/,s) 

T(— log D) 


T(-log|Z?|) 



1.6 Rectification of complex divisors 

We say that the complex divisors (172, W 2 ) on M are isomorphic when there is a bundle 

map ip : U\ — > U 2 , covering the identity on M, taking u± to U 2 ■ In terms of ideals, we are requiring 
I Ul = I U2 . This notion is fairly strict: even if u\, U 2 are sections of the same bundle with the same 
zero set and inducing on it the same co-orientation, they need not be isomorphic as divisors. For 
example, take the complex functions w and w + w 2 in a small neighbourhood of the origin in the 
complex plane; since w 2 is not in T W1 these are non-isomorphic divisors. 

Less strict is the notion of diffeomorphism of divisors, where we allow the bundle map ip : U\ —► 
U 2 to cover a nontrivial diffeomorphism of M. 

Lemma 1.17. Let ( U s ,u s ), s € [0,1] be a smooth family of complex divisors on a compact manifold 
M. Then the family may be rectified, i.e., there is a smooth family of diffeomorphisms ip s , s £ [0,1] , 
ipo = id, taking the given family to the constant family (Uq,Uo)- 

Proof. Let S = [0,1] and X = M x S. The family ( U s ,u s ) is properly specified by giving a complex 
divisor D = ( JJ_,u ) on X which restricts to ( U s ,u s ) on each fiber 7r _1 (s); in particular the zero set 
of u is transverse to the fibers of the projection tt : X — >• S. Because of this, the derivative of n 
induces the short exact sequence 

0-> T x /s(— log \D/S\) -* Tx{— log |R|) —7 t*T5 - >0 , (1.56) 

where the first bundle is the vertical Lie algebroid assembled from the elliptic tangent bundles of 
each of the fibers of tt. 

Choose a splitting V : n*TS —> Tx{— log|17|) for sequence (1.56), and use it to lift the stan¬ 
dard generator d s of TS. Identifying the elliptic tangent bundle with the Atiyah algebroid using 
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Proposition 1.14, we then have a derivation Z = V(— d s ) of U_ preserving u whose time-s flow 
takes ( U s ,u s ) diffeomorphically onto (Uo,uq). 


4>s : (U a , u a ) -> (U 0 , So) 


(1.57) 


providing the required fammily of diffeomorphisms. 


□ 


Corollary 1.18. Complex divisors with diffeomorphic compact co-oriented zero loci are diffeomor- 
phic in the above sense. 

Proof. Denote the divisors by D 0 = ( U 0 ,s 0 ), D x = (Ui,Si). Let <p be the diffeomorphism of the 
manifold taking the zero locus of Do to that of D\, preserving co-orientations. This implies that, 
Ci([/o) = 4>*Ci(Ui), and so there exists a bundle isomorphism ip : Uq — t U\ covering <p. We may 
choose ip so that ip(so) = s i outside tubular neighbourhoods of the zero loci. Then the family 
(■ U\,s t = (1 — t)ip(so) +tsi) satisfies the hypotheses of Lemma 1.17 (Jj s t has compact support), 
which provides a diffeomorphism <p : U\ —> U\ covering some diffeomorphism of the base. The 
composition ip o ip is the required diffeomorphism of divisors. □ 

If ( U , s) is a complex divisor on M, then it may be linearized along D , in the following sense. 
Let tot (IV) be the total space of the normal bundle to D, and let n : tot(N) —> D be the bundle 
projection. By the isomorphism (1.1), N is a complex line bundle, and defines a complex line 
bundle Uo = 7r *N on tot(lV), which furthermore has a tautological section s 0 £ C°°(tot(A r ), n*N). 
This defines a complex divisor (Uq,so) on tot(IV) which we may call the linearization of ( U,s ) 
along D. The tubular neighbourhood theorem, together with Corollary 1.18, then directly yields 
the following normal form result. 

Corollary 1.19. Any complex divisor ( U,s ) is diffeomorphic to its linearization (Uq,So) in some 
tubular neighbourhood of its zero locus. 

2 Generalized complex structures 

We refer to [22] for the theory of generalized complex structures, and summarize the key facts we 
will need below. Let H be a real closed 3-form on the smooth manifold M. A generalized complex 
structure 1 is a complex structure on T M = TM ® T*M, orthogonal for the split-signature metric 
on this bundle, whose -H-eigenbundle L is involutive for the Courant bracket twisted by H. 

Generalized complex structures (M', JT', H') are considered equivalent when there is 

a diffeomorphism (p : M M' and a two-form b £ R) such that p>*H' = H + db and 

1' o (</?*e b ) = (p*e b ) o J, where e b is the automorphism of TM given by 


e b : X + £ i —>■ X + £ -(- ixb. 


( 2 . 1 ) 


If the diffeomorphism p is trivial in the above equivalence, we say that 1, J 7 are gauge equivalent. 
In particular, two generalized complex structures with the same underlying pair (M, H ) are gauge 
equivalent when they are conjugate by a B-field gauge symmetry, namely the automorphism e b for 
b closed. 

At each point p , a generalized complex structure 1 induces on T p M the structure of a symplectic 
subspace with transverse complex structure; this structure is left invariant by B-field symmetries. 
The transverse complex dimension is called the type of 1 at p. Courant involutivity of L guarantees 
that the symplectic distribution on M integrates to a singular foliation and that the complex 
structure transverse to this foliation is integrable in the appropriate sense. In fact, the singular 
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symplectic foliation is associated to a real Poisson structure Q which underlies 1: if we view 1 as a 
section of A 2 T M, then Q = A 2 7t(J), for n : T M -> T¥ the projection. The data of a real Poisson 
structure with transverse complex structure is, however, not sufficient to describe a generalized 
complex structure; indeed, even for symplectic hbrations over a complex base there are delicate 
obstructions, as described in [2]. 

2.1 The canonical line bundle 

The action of T M by interior and exterior product renders the differential forms into a spinor 
module for the Clifford algebra bundle of T M. In this action, the maximal isotropic subbundle 
L C Tc M annihilates a rank 1 subbundle K C A *T£M of the complex differential forms called the 
canonical bundle of 1. 

The subbundle K is generated pointwise by a form p of the following algebraic type 

p = fl Ae fl+ ". (2.2) 

Here O is a decomposable form and B and ui are real two-forms satisfying the nondegeneracy 
condition 

fi A f2 A oj n ~ k 0, (2.3) 

where k is the degree of H and the dimension of M is 2 n. We see from this formula that the kernel 
of HA Q is a symplectic distribution and that Q defines a transverse complex structure, as discussed 
earlier. 

While L annihilates K 1 the Clifford action of the subalgebra A *L on K defines an isomorphism 
(using the canonical identification L = L*) 

(C © L* © A 2 L* © • • • © A n L*) © K ^ A*T*M (2.4) 

which induces a new Z-grading on the differential forms. 

The involutivity of L may then be expressed in terms of K by requiring that the differential 
operator d H = d + H A takes K into L* © K. That is, for every nonvanishing local section p of K, 
there exists a section F = X + £ of L, called the modular field of p, such that 

d H p = F-p = i x p + t;/\p- (2.5) 

This condition makes K a generalized holomorphic bundle, in the sense that it has a flat L- 
connection: the restriction d of d H to the sections of I\ defines an operator 

d : C°° (K) —► C°° {L* © K ), (2.6) 

satisfying the Leibniz rule d(fp) = fdp + d^f © p and having zero curvature in f2 2 , where here 
(fI* , di,) refers to the Lie algebroid de Rham complex of L. In this way, we see that the modular 
held is the analogue of a connection 1-form for usual connections. As for complex manifolds, there 
is a distinguished class of generalized complex structures with holomorphically trivial canonical 
bundle: 

Definition 2.1. A generalized Calabi-Yau structure on ( M,H ) is a generalized complex structure 
determined by a nowhere vanishing d^-closed form. 

The generalized holomorphic structure on K actually renders the total space tot(R') into a 
generalized complex manifold, in the same way that a rank-1 Poisson module inherits a Poisson 
structure on its total space [34, 27]. To see this, let p be a local trivialization of K as before, 
and let r be the dual section, viewed as a hbrewise linear coordinate on tot(AT). We consider 
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the product generalized complex structure cLt A p, which represents the product of the generalized 
complex structure with the standard complex structure on C, and we deform it by the Maurer- 
Cartan element E A F, where E = rd T is the complex Euler vector field and F the modular held 
of p. The resulting form vo, given by 


vo = e EA ' F dr A p = tF ■ p + dr A p, (2.7) 

is then independent of the choice of local section p and defines a canonical generalized Calabi-Yau 
structure on tot(A'), integrable with respect to the pullback of the 3-form H to the total space, 
which we also denote by FI below. 

Theorem 2.2. Let 0 be the tautological form on the total space of the canonical line bundle K. 
Then the differential form 

vo = d H e (2.8) 

defines a generalized Calabi- Yau structure, which furthermore satisfies 

Iew = 0, (2-9) 

so that the Euler vector field acts as a Liouville vector field, in the sense that L e vo = (d H i_ E + 
iEd H )vo = vo. 

Proof. If p is a local trivialization of K with corresponding fibre coordinate r, then 0 = rp is a local 
expression for the tautological form on tot (K). We then see that d H Q = dr A p + rd H p, and using 
the definition (2.5) of the modular held we obtain expression (2.7), showing that it is independent 
of the local trivialization. Nondegeneracy of vo follows from the fact that dr A dr A LI A LI A uj n ~ k 
is nonvanishing on tot(A'). Finally, vo is exact and so certainly closed, dehning the required 
generalized Calabi-Yau structure. Identity (2.9) then follows from the local expression (2.7), since 
iE^F ■ p) = 0 and ^(dr A p) = rp = 0, as required. □ 

Since vo satishes Lew = vo, it follows that the line generated by vo in the forms on tot(A') is 
invariant under rescaling, dehning a C*-invariant generalized complex structure Ik on tot (A'). In 
fact, if we consider the principal C*-bundle tot* (A') clehned by deleting the zero section, we may 
express the original generalized complex structure on M as a Courant reduction of the structure on 
tot* (A') along the generalized symmetry E, in the sense developed in [5]. In particular, 1 is given 
by the Dirac pushforward [4] of Ik, as follows. 

Proposition 2.3. Let L,Lk be the +i-eigenbundles of I and Ik, respectively. Then L is given by 
the Dirac pushforward of Lk along the bundle projection n : K —> M, i.e. 

L = ir*L K = {tt*X + r] eTM \ X + n*ri £ L K }- (2.10) 

Proof. Let p be a local trivialization of A' and r the corresponding hbrewise linear coordinate on 
tot(A'), so that w = dr A p + tF ■ p, where F is the modular held of p. Then we have 

{X + 77 * 77 ) ■ w = —dr A (( 7 T*X + T)) ■ p) + (ixdr + 2r ( 7 + 77 , F))p, (2.11) 

where (■,■) denotes the natural split-signature metric on T M. If A' + 77*77 € Lk, it annihilates 
vo, and both summands in (2.11) vanish independently since dr is the only non-basic form. Thus, 
7 t*AT + 77 £ L and we have tt^Lk C L. For the reverse inclusion, let Y + 77 £ L. By choosing 

X = Y — 2 (Y + 77, F) rd T , we see from (2.11) that (A + 77*77) • w = 0, as required. □ 
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While there is a C*-invariant generalized complex structure on tot* (AT), the Calabi-Yau form 
w is not invariant. As a result, 7 is not a basic form. Instead, i E w varies linearly on each fibre 
and can be viewed as a section of K* (g) A*T*M on M, defining an inclusion 

i E w : K (2.12) 

recovering the original canonical bundle as a subbundle of the complex forms. 

2.2 Generalized complex structures of type 1 

While our main interest in this paper is in generalized complex structures which are almost every¬ 
where of type 0, it will be helpful to understand structures of type 1, which, as we shall see, govern 
the singular behaviour of generically type 0 structures. 

Let D be a smooth manifold with real closed 3-form H , and let 1 be a generalized complex 
structure of type 1 on so that the underlying real Poisson structure Q defines a foliation 

by symplectic leaves of real codimension 2. The conormal bundle v* = J(T*D) fl T*D to the 
symplectic foliation is then a rank 1 complex subbundle of TD, whose complexification decomposes 
in +i, —i eigenbundles for 1 respectively: 


= (2.13) 

As a result, if we apply the tangent projection to the -K-eigenbundle L C Tc D of 1, we obtain the 
abelian Lie algebroid extension 

0 -> Wo L —► A —t 0, (2.14) 

where A C T^D is the involutive corank 1 complex distribution with annihilator Wo- We use 
the notation (£1^, d A ) for the de Rham complex of A , an elliptic complex with cohomology groups 
denoted by H\. As is always the case for regular Dirac structures [22], the subbundle L C T cM 
determines and is determined by a 2-form a G (D) via the graph construction 

I = {2 + (eA® T*D | t*C = izcr}, (2.15) 

where l : A ^ TrrM is the inclusion. Involutivity of L holds if and only if 

d A cr + L*H = 0, (2.16) 

From expression (2.15), we see that the condition L fl L = {0} holds if and only if a has non¬ 
degenerate imaginary part when pulled back to the real distribution A defined by the transverse 
intersection An A, recovering the symplectic structure determined by the Poisson structure Q. We 
summarize these observations as follows. 

Theorem 2.4. A type 1 generalized complex structure on (D,H) is equivalently specified by a pair 
(A, cr), where: A C T&D is an involutive distribution of complex corank 1 that is transverse to its 
complex conjugate, and a is a section of A 2 A* such that the integrability condition (2.16) holds and 
such that its pullback foA®C = 4nd has nondegenerate imaginary part. 

The conormal bundle 0 has a natural partial flat connection along A, given by the Lie deriva¬ 
tive and often called the Bott connection. This equips A® with a standard Lie bracket [—, — ]o, 
making it a Lie algebroid. Since L is an extension of A by 0 , we may split the sequence (2.14) and 
express the bracket on L as a deformation of the standard one by a tensorial term F G fl A (D, iz* 0 ), 
that is, 

[X + Y + r i\ L = [X + ^Y + v ] 0 + F(X, Y). (2.17) 
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The cohomology class [F] £ H\(D, i/* 0 ) is independent of the splitting and called the twisting class 
of the generalized complex structure. We now describe this class in terms of the data provided by 
Theorem 2.4. 

The pullback p of differential forms to forms on A has kernel given by the differential ideal 
generated by z/f 0 . This ideal may be identified with the de Rlram complex of A with coefficients 
in j/* 0 , so that we have a short exact sequence of complexes, which in degree k gives 

o->n^ _1 (D ) i^ >0 )- >n k (D, c)^-^n k A {D) ->o ( 2 . 18 ) 

Suppose we choose a 2-form d £ Cl 2 (D, C) such that Pd = a. Then the map Z Z + izd defines 
a splitting of (2.14). Using the Courant bracket twisted by H to compute the curvature of this 
splitting, we obtain the closed 3-form H + dd, which since it is in the kernel of t*, is a closed form 
in f l\(D, i/Jo), providing a representative of the twisting class. 

Proposition 2.5. The twisting class of the generalized complex structure associated to {A, a) by 
Theorem 2-4 coincides with the class in H\(D,v*[ 0 ) determined by the class [(H, a)} in the third 
relative cohomology of the morphism l : A —> T^D. 

Furthermore, this class vanishes if and only if there exists d £ Cl 2 (M,C) with Pd = a and 
dd + H = 0. 

Proof. The relative cohomology of l is the cohomology of the total complex of the double complex 
defined by the morphism p. By the exact sequence (2.18), the k th relative cohomology of l computes 
precisely v* 0 ). Using the exact sequence, the cocycle ( H,a) is sent to H + dd, where d 

is chosen such that Pd = a. This coincides with the twisting class as computed by applying the 
Courant bracket to the splitting of (2.14) defined by d, as argued above. 

For the second statement, note that the class in relative cohomology vanishes if and only if there 
exists b £ Cl 2 (D,C) and r £ Cl\(D) such that db = H, and Pb — dAT = a. If such (6, r) exists, then 
choose t £ U 1 (£), C) such that Pt = r and put d = —b — dr, satisfying the requirements Pd = a 
and dd + H = 0. Conversely, given such a d, simply put b = —d and r = 0, trivializing the twisting 
class. □ 

In terms of differential forms, a local generator for the canonical line bundle K of a generalized 
complex structure of type 1 may be written as 

p=n + e B+iu> , (2.19) 

where Q is a complex 1-form locally trivializing ^ 0 , and B,oj are real 2-forms such that ui is 
symplectic on the foliation determined by f! A Q. The form B + iu> is uniquely determined only 
up to adding a 2-form in the ideal generated by Cl, that is, a = P(B + ito) £ Cl\{D) is uniquely 
determined. The integrability condition is then that ClA(d(B+iui) + H) = 0, which is a restatement 
of the condition = 0. The form d(B + iui) + H, then, represents the twisting class in the 
cohomology of the differential ideal generated by Cl. As shown in Proposition 2.5, the twisting class 
is the obstruction to finding forms B,co satisfying d(B + iu) + H = 0, which implies, but is stronger 
than, the integrability condition. 

The generalized Calabi-Yau condition holds for the above structure if and only if there is a 
global closed trivialization Cl for the line bundle Jz* 0 . In such a case, we have the exact sequence 
characterizing the differential graded ideal I ^ generated by Cl: 

0- >1 -^'“•(T,C)^l‘ +i -#0. (2.20) 
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In this language, the twisting class is the class in H 3 (Iq) determined by d(B + ico) + H. Note that 
it maps to [H] £ H 3 (D,l R) in the long exact sequence resulting from (2.20), and so a necessary 
(but not sufficient) condition for the vanishing of the twisting class is that [H] = 0 in U 3 (Z),K). 

Assuming that the Poisson structure on D makes it into a fibration, it is clear that if the fibers 
are not all symplectomorphic, the twisting class must be nontrivial. But even if the fibers are all 
symplectomorphic it may still happen that the twisting class is nonzero, as we illustrate next. 
Example 2.6. Let D be the Kodaira-Thurston manifold, a T 2 principal bundle over T 2 given by 
the product of S' 1 with the circle bundle with primitive Chern class. Let £1 be a complex 1-form 
defining a Calabi-Yau complex structure on T 2 and let 0 \, 02 be connection 1-forms for the trivial 
and nontrivial circle bundles, respectively, so that d6\ = 0 while dO 2 = ifl A fl after normalization. 
Then ui = 0 iA02 defines a symplectic form on each torus fiber, and the following defines a generalized 
Calabi-Yau structure with H = 0 on D: 


p = Q Ae". (2.21) 

If the twisting class vanished, there would be a closed form B + ioj' for which p = e B+lu> A fl, but 
in this case (p, p) = 2 iCl A fl A ui' would be exact, as A 12 is exact and u/ is closed, contradicting 
the fact that it is a nowhere vanishing volume form. 


2.3 Topological constraints for the anticanonical divisor 

We now describe several topological properties of manifolds D which admit type 1 generalized 
Calabi-Yau structures, and indicate how these are affected by the vanishing of the twisting class 
introduced above. 

Definition 2.7. A generalized complex structure is proper if it is compact and its symplectic leaves 
are compact. 

The following proposition summarizes basic topological properties of type one generalized 
Calabi-Yau manifolds. 

Theorem 2.8. Let D 2n be a compact, connected type one generalized Calabi-Yau manifold. Then 
all of the following hold: 

1. There is a surjective submersion tt : D —► T 2 , hence 61 (D) > 2 and x(D) = 0. 

2. If D has a compact leaf, then D is proper and 7 r can be chosen so that the components of the 
fibers of tt are the symplectic leaves of the underlying Poisson structure. 

3. If the twisting class vanishes, the structure can be deformed into a proper one, D admits a 
symplectic structure for which tt : D —► T 2 is a symplectic fibration and there are classes 
a,b £ H 1 (D) and c £ H 2 (D) such that abc " -1 7 ^ 0. In particular bi(D) > 2 for 0 < i < 2 n. 

Proof. Throughout the proof we let p = e B+lu> A fl be a d^-closed trivialization of the canonical 
bundle of D. 

1 . Let f Iji and f1/ be the real and imaginary parts of Q. First we show that [Q^] and [ffj] 
are linearly independent classes in H l (D). If there were a nontrivial linear combination, say, 
= 0, we could define a map tt\ : D —> R by 

rp 

TTl ip) = / + A/fl/, 

j Po 

where the integral, taken over any path connecting the reference point po to p , is well defined 
because the integrand is an exact form. Finally, if, say, Xr 7 ^ 0, then nondegeneracy implies that 
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oj n ^ 1 A diTi A 12/ ^ 0, showing that diri is nowhere zero and hence 7 Ti is a submersion of a compact 
manifold in R, which is a contradiction. 

To construct it observe that since nondegeneracy is an open condition, there is a closed form 
Q' £ near 12 , whose real and imaginary parts represent linearly independent rational 

cohomology classes and such that 

w n-1 A 12' A H 7 ^ 0. (2.22) 

Linear independence of the real and imaginary parts of 1 V implies that the following map is a 
submersion 

7T : D -> C/A; 7r(p) = f 12'. 

Jpo 

where A = Z)) is a co-compact lattice, po is a fixed reference point and the integral is 

independent of the path connecting po to p. 

2. Let X be a complex vector field for which 12(X) = 1 and 12(X) = 0. Then the real and 
imaginary parts of X , X R and X/, are pointwise linearly independent, preserve 12 and 12 and hence 
preserve the foliation determined by 12 A 12. 

Let F be a compact leaf and define a map <p F : F x R 2 —» D by 

<p F (p,XiA2)=e^ XR+X2Xl {p). 

Since (tp F )*(TF ©R 2 ) = TD, we conclude that <p F is a local diffeomorphism and since the flow of 
the vector field \\X R + A 2 X/ preserves the foliation we conclude that all leaves in a neighbourhood 
of F are diffeomorphic to F, that is, 

a) if a leaf F is compact, the map ip F above gives a local diffeomorphism between a neighbour¬ 
hood of F and F x B 2 for which the projection onto the open disc B 2 C R 2 is the quotient 
map of the foliation, and 

b) the set of points which lie in a leaf diffeomorphic to F is an open set, U C D. 

Next, if p £ 17, let a : B 2n_2 —» D be a parametrization of the leaf through p, with B 2 " -2 C R 2n_2 
an open ball. Then 

ip : B 2 ” -2 x B 2 -> D, <p(z,Ai,A 2 ) = e XlXR+Xo - Xl {a(x)), (2.23) 

is a local diffeomorphism and hence its image contains a point q £ U, say q = e XlXR+X2Xl (a(x)). 
Let F be the compact leaf through q. Then a(B 2n ~ 2 ) nIm(<p F ) 7 ^ 0, as, inverting the exponential, 
we get (p F (q, — Ai, — A 2 ) £ Im(a) and hence tp F gives a diffeomorphism between F and the leaf 
through p. That is, the set U above is also closed, and since D is connected, U = D and by 
property a) we conclude that D is a fibration D —> E over a compact surface. To determine 
E, we observe that fl is basic for this fibration since it is closed and annihilates vertical vectors. 
Thererefore E has a nowhere vanishing closed 1-form, giving E = T 2 . 

3. If the twisting class vanishes, we can choose the forms B and w so that d H e B+lul = 0. 

Changing fi to nearby form representing a rational class transforms the structure into a proper 
one. Then u> + 7-0 a defines a symplectic form on D 1 and due to (2.22), it is symplectic on the 
leaves of the distribution generated by fl' R and fl/, rendering 7 r a symplectic fibration. □ 

Example 2.9. There is no generalized Calabi-Yau structure of type one on C P n ,n >0. ■ 

Example 2.10. For rii £ N, the manifold 5 ' 2ni+1 x • • • x 5 ' 2 ™ 2fc+1 only admits a type one generalized 
Calabi-Yau structure if rii = 0 for all i. ■ 

Example 2.11. The only compact Lie groups that admit type one generalized Calabi-Yau structures 
are Abelian. ■ 
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The manifold S 1 x S 3 does admit a type one generalized complex structure with topologically 
trivial canonical bundle and, as we will see in Example 2.25, so does S 1 x S 5 , but by the results 
above, these are not generalized Calabi-Yau. 

According to Proposition 2.8, every type one generalized Calabi-Yau is a fibration over a 2- 
torus. Next we show that in four dimensions the converse to this statement is also true, therefore 
giving a full characterization of type one generalized Calabi-Yau structures in that dimension. 

Theorem 2.12. Let n : D —► T 2 be a fibration of an orientable, connected, compact four-manifold 
D over the torus. Then D admits a proper generalized Calabi-Yau structure, integrable with respect 
to the zero 3-form, for which the fibers of ir are the symplectic leaves. 

Proof. We use the following result, which translates Thurston’s argument for symplectic structures 
on symplectic fibrations to generalized complex manifolds. 

Theorem 2.13. [6, §2.4] Let n : M 2n —> TV 2 ” -2 be a fibration over a generalized complex base 
whose fibers are nontrivial in H 2 {M]M.). Then M admits a generalized complex structure whose 
canonical bundle is 

K m = e ieu A tt*K n , 

where w is a closed 2-form on M which is symplectic when restricted to the fibers, K jy is the 
canonical bundle of N and e > 0 is a small real number. 

It follows from the theorem that if N is generalized Calabi Yau, then M is as well, and the 
symplectic leaves of M are the inverse images of the symplectic leaves of N. Further, observe 
that the hypothesis of the theorem are fulfilled if the genus of the fiber is not one, as in this case 
the Euler class of the vertical bundle evaluates nonzero in any given fiber, showing that their real 
homology is nontrivial. 

In the present case, if D —>• T 2 is a fibration and the fibers have genus different than one, we can 
endow T 2 with its standard complex structure (making it a type one generalized Calabi-Yau) and 
Theorem 2.13 implies the desired result. Notice that in this case, the structure has trivial twisting 
class. 

The only part of the proof that does not follow from Theorem 2.13 is the case of torus bundles 
over the torus. These were classified by Sakamoto and Fukuhara [35]: there are fourteen of these up 
to isomorphism. The existence of symplectic structures making these into sympletic fibrations was 
studied by Geiges [16] and only two of the fourteen classes do not admit such structure. Those that 
do admit this symplectic fibration structure satisfy the hypotheses of Theorem 2.13 if we endow 
the base torus with a complex structure; hence these admit a type one generalized Calabi-Yau 
structure. 

The two exceptional cases that are not symplectic fibrations are nilmanifolds associated to the 
Lie algebras 

nil 3 ©R = {ei,e 2 ,e 3 ,e 4 |[ei,e 2 ] = — e 3 and [e^e^] = 0 otherwise}, ^ 

nil 4 = {ei,e 2 ,e 3 ,e 4 |[ei,e 2 ] = —e 3 , [ei,e 3 ] = —e^, and [e*,ej] = 0 otherwise}. 

The compact spaces associated to nit 3 © R have a type one generalized Calabi-Yau structure 
given, at the Lie algebra level, by e ze3Ae4 A (e 1 + *e 2 ), where {e 1 , e 2 , e 3 , e 4 } £ nil 3 * © R* is the dual 
basis to the basis {ei, e 2 , e 3 , 64 } above. For this structure, the symplectic leaves are the fibers of 
the torus bundle in question and this is essentially the structure we introduced in the Kodaira- 
Thurston manifold in Example 2.6. The compact manifold obtained from nit 4 has a generalized 
Calabi-Yau structure determined by the invariant form e le Ae A (e 1 + ie 2 ) and again the fibers of 
the torus bundle agree with the symplectic leaves of the structure. In both of these exceptional 
cases, the twisting class is nonzero as LI A 12 is exact. □ 
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2.4 Generalized holomorphic line bundles 

We now give a detailed description of generalized holomorphic bundles over generalized complex 
manifolds of type 1. Recall that a generalized holomorphic bundle is simply a vector bundle 
equipped with flat algebroid connection for the -M-eigenbundle L. Since we have described L as the 
extension (2.14), we choose a splitting of the sequence as before, with twisting form F £ zzj" 0 ) 

as defined in (2.17). Then an L-connection on the bundle V decomposes as 

d L = (/) + d A , (2.25) 

_^4 

where <j> : V —> zzpo (g> V is called the transverse Higgs field and d : C°°(V) -A C°°(A* (g V) is a 
partial connection along the distribution A. The tensor f is independent of the splitting of L , but 
a change of splitting by a £ (is* 0 ) modifies d by the following transformation: 


-prA -prA 

a t-A o + l D 


(2.26) 


The flatness of d L 


may then be expressed as follows, a special case of the general result in [21]. 


Proposition 2.14. The L-connection d = <f + d is flat if and only if tf is flat and the curvature 

_ ^4 

of d coincides with the contraction of<f> with the twisting form. That is, if and only if the following 


hold: 


[d A A\ = 0 

_^4 

curv(<9 ) = i^F. 


(2.27) 


If V has rank 1, then </> is simply a flat section of zzgo, which if nonzero determines a generalized 

_ ^4 

Calabi-Yau structure (2.19), where is dual to <j>. By choosing an extension of d' to a full con¬ 
nection, we immediately obtain the following analog of Bott’s obstruction [3] governing generalized 
holomorphic line bundles. 


Theorem 2.15. Let D be a type 1 generalized complex manifold with complex distribution A and 
twisting class F £ H\(D, 0 ). Let <f> £ H\(D, vi,o) be a flat section of iq j0 = TcD/A. A complex 

line bundle N over D admits a holomorphic structure with transverse Higgs field <p if and only if 


t*c 1 {N)=i^F£H 2 A (D), 


(2.28) 


where l : A —> T^D is the inclusion map. 

If 4> vanishes, then the constraint (2.28) implies that the real Chern class ci(iV) vanishes when 
pulled back to A , and in particular to the foliation defined by AnA. If <j> is nonzero, then contraction 
by (j) identifies H\(D , zz* 0 ) with H\(D), and (2.28) implies that if cflN) vanishes, then the twisting 
class must also vanish. In general, however, for nonzero </>, the real class ci(iV) need not vanish 
along the symplectic foliation. 


2.5 Stable generalized complex structures 

The projection of a differential form to its zero-degree component is a linear map which, when 
restricted to the canonical bundle K C A *Tf.M of a generalized complex manifold, defines an 
anticanonical section s £ C°°(M, K*). In view of the pointwise structure (2.2), we see that a 
generalized complex structure is of type zero, that is, equivalent to a usual symplectic structure, 
precisely on the nonvanishing locus of this anticanonical section. 
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Definition 2.16. A generalized complex structure is stable when its anticanonical section vanishes 
transversely, so that D = ( K*,s ) defines a complex divisor called the anticanonical divisor. 

Of course, the simplest example of a stable generalized complex structure is one where s is 
nowhere vanishing; then K is generated by the form e s+MJ , where w is a usual symplectic form and 
B is a real 2-form satisfying dB = H. In the following we are interested in studying nondegenerate 
structures with nontrivial anticanonical divisor. 

Example 2.17. Let M be a complex 2n-manifold equipped with a holomorphic Poisson structure 7 r, 
defining a generalized complex structure with canonical line bundle locally generated by e 7r f2, 
where Q is a trivialization of the holomorphic canonical bundle. The structure is stable if and 
only if the anticanonical section n n is transverse to zero in A 2 n TifiM. ■ 

Many examples of stable generalized complex structures which are not of the above holomorphic 
Poisson type are now known in dimension four: see [8, 9, 37, 38, 19]. These references also provide 
examples of almost complex 4-manifolds which admit neither complex nor symplectic structures, 
though they do admit stable generalized complex structures. 

We now show that stable generalized complex structures are sandwiched between type 1 gener¬ 
alized Calabi-Yau structures: one on the total space of the canonical line bundle and another on 
the anticanonical divisor. 

Lemma 2.18. Let tot(AT) be the total space of the canonical line bundle of a stable generalized 
complex structure. The generalized Calabi-Yau structure (2.8) on tot(AT) has constant type 1 away 
from the zero section. 

Proof. Let p be a local trivialization of K and let r be the associated fibrewise linear coordinate 
on tot(A'). Then the tautological form may be written 0 = rp, and the Calabi-Yau form is 
w = d H Q = d H {rp). Therefore, the component of w with lowest degree is d(rs(p)), the derivative 
of the fibrewise linear function on tot (AT) defined by the anticanonical section s. The transversality 
of s guarantees that this 1-form is nonzero when r/0, showing that vj has type 1, as required. □ 

We now describe the geometry inherited by the anticanonical divisor D. In Section 3.6, we 
will show that the generalized complex structure in a tubular neighbourhood of D is completely 
determined by the structure of D which we detail here. The anticanonical divisor is an example 
of a generalized Poisson submanifold , that is, its conormal bundle N* is a complex subbundle: 
IN* C N*. Such submanifolds inherit generalized complex structures by reduction [5]. Indeed, 
along D the following exact sequence expresses TD = TD 0 T* D as a quotient of 1-invariant 
subbundles of TM\r>: 


0-> N* -> N* 1 - —N* 1 -/N* £* TD-» 0 . (2.29) 

As a result, D inherits a generalized complex structure Id, whose integrability with respect to the 
pullback of H follows from integrability of J. It also follows that D is a Poisson submanifold (in 
fact, the degeneracy locus) for the underlying real Poisson structure Q. 

For a Poisson structure Q, we say, following [25], that the Poisson submanifold D is strong when 
any local Poisson vector field is tangent to D; degeneracy loci of Q are the typical examples of strong 
Poisson submanifolds, whereas symplectic leaves need not be strong. There is a corresponding 
notion for generalized complex structures: we say that D is strong when each local generalized 
complex symmetry v £ C°°(TM) restricts along D to a section of the orthogonal complement of N* 
(that is, the vector component of v must be tangent to D). Strong submanifolds D have the property 
that generalized holomorphic bundles pull back to D. In particular, the anticanonical bundle AT* 
pulls back to a generalized holomorphic bundle along D. Tranversality of the anticanonical section 
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s implies that ds \d '■ N —¥ K* is an isomorphism, so that we obtain a generalized holomorphic 
structure on the normal bundle to D. 

Theorem 2.19. The anticanonical divisor of a stable generalized complex structure inherits a 
generalized Calabi- Yau structure of type 1 with distinguished Calabi- Yau form 

p D =n Ae" (2.30) 

Furthermore, it inherits a generalized holomorphic structure on its normal bundle with transverse 
Higgs field dual to Cl. 

Proof. Let p be a local trivialization for K near a point p £ D. Then p°(p) = 0 and dp°(p) ^ 0. 
The integrability condition (2.5) provides a section F = X + £ £ L such that dp 0 = ixp 2 + £p°, 
implying that both X and p 2 are nonvanishing along D\ in particular this means 1 has type 2 along 
D. Choosing a complement C* to the kernel of dp 0 A • in a neighbourhood of p , we may write 

p 2 = dp 0 A f2 + /3, (2.31) 

where Cl, [3 are uniquely determined smooth forms in C * and Cl is nonzero along D. Away from D , 
p is of type zero, so that p = p°e p / p , and the integrability condition implies that d(p 2 /p°) = H. 
This implies that 

dp 0 A p 2 = p°dp 2 - ( p°) 2 H , (2.32) 

which must then hold on all of M by continuity. As a result, we conclude that /3 = p°d for a smooth 
2-form < 7 , and consequently p 2 /p° and p/p° are well-defined logarithmic forms for the divisor D. 

The reduction of complex structure is then performed by taking the residue of p/p°, a smooth 
form on D given by 

Pd = Res(p/p°) = Cl A e CT , (2.33) 

where Cl = l* d CI and <j = L* D d, for ld '■ D —> M the inclusion. The logarithmic form p/p° is 
independent of the choice of trivialization p , and so its residue is as well. Finally, the residue is 
closed with respect to d + t* D H A •, since p/p° is closed for d H . 

To obtain the holomorphic structure on the normal bundle, we use the fact that the transversal- 
ity of s implies that ds\o ■ N — > K*\d is an isomorphism, allowing us to transport the generalized 
holomorphic structure on K* to N. If p is a local trivialization for K, then ds|£, takes this to 
the local trivialization of N* given by rj = dp°\o■ As explained in Section 2.1, the generalized 
holomorphic structure on K is given locally by dp = F £g> p; pulling back to D, we define the gener¬ 
alized holomorphic structure on the conormal bundle by dp = ir(F) ® 77 , where ir is the projection 
in (2.29), where we note that F is orthogonal to !V£, so n(F) lies in the — i-eigenbundle of the 
reduced generalized complex structure on D. Explicitly, tt(F) = X + i* D f, and we may verify that 
since ixp 2 = dp 0 along D , it follows that ix = — 1. This implies that the transverse Higgs held 
[X] of d evaluates to —1 on f2, and so the generalized holomorphic structure on the dual bundle N 
has opposite transverse Higgs held, evaluating to +1 on f l, as required. □ 

Because the generalized holomorphic structure on the normal bundle N has transverse Higgs 
held cj) £ C°°(D,i/ qo) which satishes i^fl = 1, it follows that the induced C*-invariant generalized 
complex structure on tot(IV) is symplectic away from the zero section. This can be seen by writing 
the structure on the total space as we did in (2.7). Let n be a local trivialization for N and let 
dn = (X + £) (g) n, using the generalized holomorphic structure on N defined in Theorem 2.19. 
Here F = X + f £ Lp, so that X is the transverse Higgs held of d. Let r be the hbrewise linear 
coordinate on tot(iV) corresponding to n. Then the generalized complex structure on tot(IV) may 
be defined locally by the form 

£ t9 t a f^ t a p D = (r + (dr + r^ixcr + £)) A fi) A e a , (2.34) 
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In the expression above, a is only defined modulo the ideal of LI, and in fact we may choose it 
such that ix<7 + £ = 0, simplifying the above expression. In any case, the component of degree 
zero of (2.34) vanishes transversally, demonstrating that tot(IV) has a stable generalized complex 
structure with anticanonical divisor given by the zero section. 

Definition 2.20. The natural C*-invariant stable generalized complex structure (2.34) inherited 
by the total space of the normal bundle of D is called the linearization of the stable generalized 
complex manifold along D. 

We conclude this section by showing that there are no implicit constraints on the data deter¬ 
mining the linearization; any type 1 generalized Calabi-Yau structure and any holomorphic line 
bundle over it may be realized as the linearization of a stable generalized complex manifold, as 
long as the transverse Higgs field pairs nontrivially with the Calabi-Yau form. Since we show in 
Section 3.6 that the generalized complex structure in a neighbourhood of D is completely deter¬ 
mined by the linearization, the following result provides a local normal form for stable generalized 
complex manifolds about their anticanonical divisors. 

Proposition 2.21. Let (D, Ll/\e a ) be a type 1 generalized Calabi-Yau manifold and N a generalized 
holomorphic line bundle over D whose transverse Higgs field pairs nontrivially with LI. Then the 
total space tot(N) inherits a C* -invariant stable generalized complex structure with anticanonical 
divisor given by the zero section. 

Proof. Let n be a local trivialization for N and let dn = F <S> n, where F £ Lp is the algebroid 
connection 1-form and X = ttt c (F) is the transverse Higgs field. We may rescale H by a constant 
so that ixLl = 1, since X has constant pairing with LI and this is nonzero by assumption. Let r 
be the fibrewise linear coordinate on tot (IV) corresponding to n. Then the generalized complex 
structure on tot (IV) may be written locally just as in Equation 2.34, demonstrating that it is a 
stable generalized complex structure with anticanonical divisor given by the zero section. □ 

Example 2.22. For M 4-dimensional, D has dimension 2, and so the generalized Calabi-Yau struc¬ 
ture inherited by D is a usual Calabi-Yau complex structure, implying that each component of D 
must be a complex curve of genus 1 with a distinguished holomorphic 1-form LI. Furthermore, the 
generalized holomorphic structure induced on N gives it the structure of a holomorphic line bundle 
over D equipped with a transverse Higgs field, which in this case is simply the holomorphic vector 
field on D dual to LI. In this way, we recover the results of [9] characterizing the complex locus of 
a stable generalized complex 4-manifold. ■ 

2.6 Constructions of stable structures 

If (17, d ) is a generalized holomorphic line bundle over the stable generalized complex manifold 
(M, 1), then we obtain via (2.7) a natural C*- invariant generalized complex structure on the total 
space of U. We now describe how to construct a stable generalized complex structure on the 
same total space but with the zero section removed. We discovered this construction by applying 
T-duality [10] to the canonical structure on tot(I7). 

Choose a Hermitian metric on the bundle U, and let D : C°°(U ) —► C°°(TM <8>U) be the unique 
unitary generalized connection whose component along L C Tc M coincides with d (see [21] for 
a detailed discussion of generalized connections). If u is a local unitary trivialization of U, and 
du = a (g> u for a £ L* = L, we have that 

Du = iA <S> u = (a — a) ® u, (2.35) 
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where A is the generalized connection 1-form, a real local section of TAP If p is a local trivialization 
for the canonical bundle of J, and (r, 0) are fibrewise polar coordinates associated to it, then we 
construct the following form on the complement of the zero section in the total space of U: 

P dlogrA (de-A) p = p _ idiogr A (dO A p - A ■ p). (2.36) 

This form is nondegenerate, independent of the choice of unitary trivialization and its integrability 
follows directly from the fact that = 0. Its component of degree zero coincides with that of p, 
and hence defines a stable generalized complex structure on tot*(17). The form (2.36) is manifestly 
invariant by constant rescaling of the fibers; we may therefore take a Z quotient of tot*(E7) to form 
a torus bundle over M. We summarize the construction as follows. 

Proposition 2.23. Given a Hermitian metric on a generalized holomorphic line bundle U over 
the stable generalized complex manifold M, the total space of U inherits a C* -invariant stable 
generalized complex structure away from the zero section given by (2.36). Quotienting by a subgroup 
Z C C*, we obtain a stable generalized complex T 2 -bundle over M. 

Example 2.24. On a symplectic manifold (M,u>), generalized holomorphic bundles are simply bun¬ 
dles equipped with complex flat connections. Let U be a Hermitian line bundle with flat connec¬ 
tion V. If u is a, local unitary section then Vit = 0 u for A a closed complex 1-form, and 

A = w _1 (Re(A)) + 2Im(A). The local expression for the stable structure (2.36) is then 

exp(dlogr A Re (A) + i(dlogr A ( dd — Im(A)) + w)) (2.37) 


Example 2.25. In this example we show that S' 1 x S 5 admits stable generalized complex structures 
(generically of type 0) as well as structures of type 1, 2 and 3. 

Equip CP' 2 with the stable generalized complex structure obtained by deforming the complex 
structure by a holomorphic Poisson structure /3 £ H°(CP 2 ,/\ 2 T) whose zero locus is a smooth 
cubic curve E. The 0(1) line bundle then has a canonical generalized holomorphic structure since 
its cube is the canonical line bundle. Equipping it with the Fubini-Study metric, Proposition 2.23 
provides a stable generalized complex structure on the T 2 -bundle tot*(0(l))/Z = S 1 x S 5 . The 
anticanonical divisor D C S 1 x S 5 is then a symplectic fibre bundle of tori over the cubic curve E. 
The generalized Calabi-Yau structure on D is analogous to that described in Example 2.6 on the 
Kodaira-Thurston manifold. 

It is interesting to note that, in addition to the stable generalized complex structure constructed 
above, S 1 x S 5 admits a generalized complex structure of type 1, by the construction of Lemma 2.18 
adapted to 0(1), a fractional multiple of the canonical bundle of CP 2 . Furthermore, it admits a 
structure of constant type 2, by the following observation. Viewing S 5 as the unitary frame bundle 
of 0(1) over CP 2 , it has a connection form di with curvature of type (1,1). If 02 is a volume form 
on S' 1 , then the following defines the canonical line bundle of a generalized complex structure of 
type 2 on S 1 x S 5 : 

e iSlAe2 A ft 2 ’ 0 . (2.38) 

Finally, note that we may even endow S 1 x S 5 with a type 3 structure, as it is in the Calabi-Eckmann 
family of compact complex manifolds. ■ 


3 Log symplectic forms 

A stable generalized complex structure, since it is equivalent via a B-field b to a symplectic structure 
oj away from the anticanonical divisor D , may be viewed as a symplectic form which is singular 
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along D. In fact, in the proof of Theorem 2.19, we observed that the type of singularity is such that 
a = b + iu> defines a logarithmic form in the sense of Section 1.1. In this section we make precise 
the relationship between stable structures and logarithmic forms, and we use this relationship to 
give a local period map for stable generalized complex structures. 

Let D = (U, s ) be a complex divisor on M and let i, a be the natural Lie algebroid morphisms 
(each an inclusion of sheaves) between the elliptic, logarithmic, and usual tangent bundles, as 
follows: 

T(— log \D\) ® C —-—» T(— logD) —TcM . (3.1) 

Definition 3.1. Let H be a real closed 3-form and D a complex divisor on the manifold M. A 
complex log symplectic form is a logarithmic 2-form a £ fl 2 (M, log D) such that 

da = a* H (3.2) 


and such that the elliptic form i*a = b + iuj has nondegenerate imaginary part. 1 

The nondegeneracy condition on w £ fl 2 (M, log |D|) is that the induced skew map 

w : T(— log |-D|) —► T(— log |D|)* (3.3) 

is an isomorphism, and the integrability condition implies that dui = 0, rendering w into what we call 
an elliptic symplectic form (see Section 3.1). The notion of equivalence for complex log symplectic 
structures is the same as that for generalized complex structures: we say that (M,H,D,a) is 
equivalent to (M ', H ', D ', a') when there is a diffeomorphism of divisors ip : ( M,D) ( M',D ') in 

the sense of Section 1.6 as well as a real smooth 2-form b £ fl 2 (M,K) such that ip*H' = H + db 
and 

ip* a' = a + b. 

Given a complex log symplectic form a , its graph defines a subbundle T CT C T(— log D) ©T* (log D), 
and the anchor map a may be used to push this forward to a subbundle L C TcM: 

L = a*r a = {a{X)+T) | X + a*rj£ T CT }. (3.4) 

We now show that this defines the -M-eigenbundle of a stable generalized complex structure and 
that this establishes an isomorphism of categories between stable generalized complex structures 
and complex log symplectic structures on (M, H). 

Theorem 3.2. There is a canonical bijection between stable generalized complex structures 1 on 
(M,H) and complex log symplectic forms a for the anticanonical divisor D = (K*,s), defined by 
the relation Lj = a*r CT between the +i-eigenbundle of I and the graph of a. In this correspondence, 
any local trivialization p of the canonical line bundle satisfies the identity 

a* p = p°e a , (3.5) 

so that p/p° extends over all of M to a section of 12* (log D). 

Proof. Let 1 be a stable generalized complex structure on ( M,H ). Then by Theorem 2.2 it deter¬ 
mines a C*-invariant generalized Calabi-Yau structure w on tot(AT), the total space of its canonical 
line bundle, which is of type 1 on tot*(If), the complement of the zero section. Let Lk be the 
-H-eigenbundle of this Calabi-Yau structure. By Theorem 2.4, Lk is completely determined by its 

x Note that a holomorphic log symplectic form for a reduced divisor D is a special case of our notion of complex log 
symplectic form, which does not require the underlying manifold to be complex. 
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tangent projection A C 7c (tot*(AT)), together with the 2-form a £ f which has nondegenerate 
imaginary part on An A. 

But A coincides with Ate (AT, s), the subbundle of the complexified Atiyah bundle of AT consisting 
of vector fields fixing the fibrewise linear function s. By Proposition 1.16, A projects surjectively 
onto T(—logD) under the derivative of the bundle projection n : AT — > M, with kernel generated 
by the conjugate Euler vector field E = rdr- 

0- >(E) -» A t{— log D) 0 (3.6) 

But E annihilates w and so it lies in the kernel of a, implying that a is basic for 7r*, defining a 
logarithmic 2-form as required. The nondegeneracy condition is immediate from the fact that 7r* is 
an isomorphism from A D A to the complexification of T(— log \D\), and integrability is inherited 
from d H zu = 0. The relation Lj = a*r CT then follows from Proposition 2.3. 

This argument is reversible: if cr is a complex log symplectic form for the complex divisor 
(A'*, s), we may pull it back via 7r to a 2-form on A = ker(ds). The resulting Calabi-Yau structure 
zd = ds A e a on tot* (A') may the be reduced along 7r to define a generalized complex structure 1 
on M. The reduction is done as follows: the action of C* is generated by the complex Euler vector 
Held E and its conjugate. Since E annihilates vj 1 the form px = iew is nowhere vanishing on 
tot*(A'), and satisfies 

iePk = 0, LePk = Pk, (3-7) 

and so defines an inclusion px '■ K c —► A m T*M of vector bundles over M; since s is transverse, 1 is 
stable, as required. 

To verify identity (3.5), if p is a local trivialization for K with dual trivialization r, can write 
s = p°r and zd = d(p 0 r) A e°\ Then px = rp°e a takes p to the smooth differential form p°e a , as 
required. □ 

3.1 Elliptic log symplectic structures 

In the above equivalence between stable generalized complex structures 1 and logarithmic sym¬ 
plectic forms <7 = 6 - 1 - iui, the imaginary part to is a closed, nondegenerate elliptic 2-form for the 
elliptic divisor defined by (AT* <g> AT , s <S> s), where s is the anticanonical section of 1. Recall that to 
coincides with the inverse of the real Poisson structure Q underlying 1. In fact, Q itself determines 
the elliptic divisor, since the Chevalley pairing on differential forms restricts to an isomorphism 

AT ® K ———> A 2n T£M (3.8) 

which takes e CT <g) e a to the top degree component of e' T-cr , namely to (2 i) n oo n . This implies that 
s <g) s is taken to (2 i)~ n Q n \ giving the natural isomorphism 

(K*®K*,s®s)^(A 2n TM,A n Q). (3.9) 

In this section, we show that the forgetful map taking 1 to its underlying real Poisson structure 
Q defines a bijection between gauge equivalence classes of stable generalized complex structures 
(integrable with respect to any 3-form) and a certain class of Poisson structures, defined as follows. 

Definition 3.3. A Poisson structure Q is of elliptic log symplectic type when its Pfaffian defines 
an elliptic divisor (A 2 "TJW, A n Q). 

To justify the terminology, we have the following equivalent characterization: 
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Lemma 3.4. A Poisson structure Q is of elliptic log symplectic type if and only if its inverse 
uj = Q~ 1 is a closed, nondegenerate elliptic 2-form. 

Proof. Let Q be an elliptic log symplectic Poisson structure. Since Lx(/\ n Q ) = 0 for any Hamil¬ 
tonian vector field X, it follows immediately that Q lifts to a section Q of A 2 T(— log |Z?|). Taking 
the top exterior power of the relation Q = aQa*, where a : T(— log \D\) —> TM is the anchor, we 
see that Q is invertible, defining the elliptic log symplectic form 

uj = Q -1 £ n 2 (log |D|), doj = 0. (3.10) 

For the reverse implication, let D = (R,q) be an elliptic divisor and let w be an elliptic log 
symplectic form. We use the fact that the determinant of the algebroid anchor, a section of 
A 2n T*(log |P>|) 0 A 2n TM, lifts to an isomorphism: 

R— q ^ lcta > A 27t r*(log|L»|)(g)A 2ra rM. (3.11) 

Since A"w _1 trivializes a 2 "T(— log |D|) and is taken to A n Q by deta, we obtain an isomorphism 
between (R, q) and (A 2n TM, A n Q) 1 proving that Q is of elliptic log symplectic type. □ 

Remark 3.5. Note that T(— log |D|) is isomorphic to TM away from D, which has real codimension 
2; this implies that M is oriented by the choice of an elliptic symplectic form. Further, the 
Hessian (1.14) of f\ n Q is a section over D of S 2 N* 0 A 2 "TM, and has determinant which trivializes 
the square of the bundle € = A 2 N* 0 A 2n TM = A 2n ~ 2 TD. The elliptic residue Res 9 w £ H°(D, t*), 
if nonzero, is then a constant volume form on D with respect to this trivialization, and defines an 
orientation on D. If Res 9 (u;) = 0, then D need not be orientable, as the following example shows. 

Example 3.6. Let E be the elliptic curve C/Z(l,i) with standard coordinate 2 and consider the 
holomorphic Poisson structure /3 = wd w A d z on CP 1 x E. The Z 2 action r : (w,z) (w, z + |) 

acts via r*(/3) = —/3 and so preserves the imaginary part of ft, an elliptic symplectic structure with 
vanishing elliptic residue. The quotient (CP 1 x E)/ Z 2 then inherits an elliptic symplectic structure 
with degeneracy locus given by the pair of Klein bottles {up 1 =0}. ■ 

We now state the main result, a relative of Theorem 3.2 in which H is allowed to vary and 
gauge equivalence classes of generalized complex structures are identified with elliptic symplectic 
structures; recall that (I,H) is gauge equivalent to (S',H r ) when there is a 2-form b £ H 2 (M, K) 
such that H 1 = H + db and 1' = e & JIe _h . 

Theorem 3.7. Fix the smooth manifold M. The forgetful map which takes the pair (1, H) of a 
stable generalized complex structure integrable with respect to the closed 3-form H to the pair ( Q , o), 
where Q is the real Poisson structure of I and o is the co-orientation of the anticanonical divisor D 
of 1, defines a bijection between gauge equivalence classes of stable generalized complex structures 
and elliptic log symplectic structures with vanishing elliptic residue and co-oriented degeneracy 
locus. 

The map (1, H) i —> (Q, o) is equivariant for the action of the diffeomorphism group and commutes 
with the natural maps to H 3 (M, K); that is, the radial residue Res r [Q _1 ] £ P 1 (P,K) is mapped to 
the class [H] £ H 3 (M, R) by the Thom-Gysin pushforward map associated to the co-orientation o 
of the inclusion j : D M. 

Proof. By Theorem 3.2, u> = Q~ 1 is the imaginary part of a complex log symplectic form a , and by 
Proposition 1.11, the elliptic residue of this form must vanish. Furthermore, w is invariant under 
gauge transformations of 1: if 7r : TM —> TM is the projection, then for any 2-form b £ H 2 (M, K), 
we have 7r o e b = n, so Q = ir§ir* = Tre b Ie~ b n*. Of course the co-orientation of the anticanonical 
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divisor D is unaffected by the action of the connected group of gauge transformations, so we have 
finally that the forward map 1 1 —>■ (Q, o) is well-defined. 

We see the map is surjective as follows: given an elliptic log symplectic form w with zero 
elliptic residue, we use the coorientation o to apply Proposition 1.11, which implies that there 
exists a £ 11* (log D) such that Im*(<r) = w. Since dui = 0 by assumption, da has vanishing 
imaginary part, and by the same Proposition, it must be a smooth real 3-form H , proving that a 
defines a complex log symplectic form, which is the required stable generalized complex structure 
by Theorem 3.2. 

Finally, the map is injective on gauge equivalence classes: if 1 and 1' give rise to the same 
elliptic log symplectic form w, this means that their corresponding complex log symplectic forms 
a, a' satisfy Im*(cx) = Im* (a 1 ). By Proposition 1.11, this means a' = a + b for b a real smooth 

2- form, implying that 1' = e b Ie~ b , as needed. 

Diffeomorphism equivariance is manifest from the description of the map. For compatibility 
with the maps to H 3 (M, R), note that each gauge equivalence class [(1, H )] has a well-defined class 
[H], and by the long exact sequence (1.45) this class coincides with the image of [w] = [Q -1 ] under 
the connecting homomorphism Ffg(log |D|) — > H 3 (M, R), which by sequence (1.47) is the image of 
the radial residue Res r [u;] £ iJ 1 )!?,®!) under the Thom-Gysin pushforward j* : ^(D) —> H 3 (M ), 
which is well-defined by the specified co-orientation o. □ 

Remark 3.8. Theorem 3.7 may be viewed as the statement that the set of pairs (J, if), where 1 
is a stable generalized complex structure integrable with respect to the closed 3-form H , forms 
a principal bundle over the set of co-oriented elliptic symplectic structures, where the principal 
structure group is the abelian group of real smooth 2-forms, where b £ Q 2 (M, R) acts via 

b- (J,ii) = (e b Ie~ b ,H + db). (3.12) 

This principal bundle is twisted equivariant for the action of diffeomorphisms, in the sense that for 
any diffeomorphism ip, we have 

ip*(b • (1, H)) = (<p*b) ■ H). (3.13) 

3.2 The period map for fixed 3-form flux 

Having established the equivalence between stable generalized complex structures and complex log 
symplectic forms in the previous section, we now observe that in analogy with usual symplectic 
structures, we may define a period map which gives a complete description of the local moduli 
space of deformations of these structures. We shall consider two period maps associated to stable 
generalized complex structures. The difference between them is whether or not the 3-form H is 
fixed in the definition of a family of structures and in the definition of equivalence for such families. 
In this section we treat the case with H fixed. 

Definition 3.9. Let 1 be a generalized complex structure on (M, H). A deformation of 1 is defined 
to be a smoothly varying family of structures I s , s £ [0,1], each integrable with respect to the fixed 

3- form H and such that Jo = J. Two such deformations J s , J' s of J are said to be equivalent when 
there is a family of sections e s of T M, allowed to be time-dependent for each s, whose associated 
exact time-1 flow (Definition 3.10) takes J s to J'. 

The flow 4>f(A, b) of a pair (X,b) consisting of a time-dependent vector field X and 2-form 
b £ fl 2 (M, K) is a smooth family of automorphisms of T M defined by the initial value problem 2 

= — £(x,f>) ° $t, 4> 0 = id, (3-14) 

2 We use conventions for flows in which = — Lx t ° and = Lx ° ■ 
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where £(x.b) acts on sections of TM taking Y + ?? to Lx(Y + ij) — iyb . The solution may be written 
<h t = ipte Bt , where <p t is the time-t flow of X , acting on TM via (<pt)* ® (v?*) -1 , and B t is given by 


B t 



ds. 


(3.15) 


If we equip TM with the H-twisted Courant bracket, then *I> t takes it to the ift-twisted Courant 
bracket, where H t satisfies the initial value problem 


&H t = -L vix H t + db , H 0 = H, 


(3.16) 


which has solution H t defined by the equation 


V* t H t =H + dB t . (3.17) 

Definition 3 . 10 . The exact flow associated to the section e = X + £ of TM is the flow <& t (A', b) 
defined above for b given by 

b={<piX)jH + dt. (3.18) 

It is an automorphism of TM preserving the H- Courant bracket. 

As automorphisms of TM, flows $ t (A, b) operate on generalized complex structures by conju¬ 
gation. Such flows also act upon complex log symplectic structures, taking a to cr t , where 

a t = (<p* t )-\a + B t ), (3.19) 

the result of operating by on the graph of o. Indeed, if do = H, then from (3.17) we obtain 

that do t = H t . 

Applying the equivalence from Theorem 3.2, we obtain the corresponding notion of deformation 
for complex log symplectic forms, taking care to include the possible variation of the complex 
divisor: 

Definition 3 . 11 . A deformation of the pair (D, a) is a smoothly varying family (D s , o s ), s £ [0,1], 
of complex divisors D s and complex log symplectic forms o s £ fl 2 (logD s ) such that (D 0 ,oo) = 

(D,o). Denote the set of deformations of (D,o) by Def(D, a). When a deformation of (D,o) is 

such that D s = D for all s, we say that it is a deformation of cr only; denote the set of deformations 
of a by Def(cr). 

Two deformations (D s ,<j s ), (D' s ,o' s ) are equivalent when there is a family of (possibly time- 
dependent) sections e s of T M whose associated time-1 flows rh®” take ( D s ,o s ) to (D' s ,o' s ) via (3.19). 
For deformations of a only, we say that two deformations are equivalent when e s has vector com¬ 
ponent in T(— log |D a |) for all s £ [0,1]. 

The main observation which makes it possible to define a period map for stable generalized 
complex structures is that any deformation of complex divisors may be rectified: By Lemma 1.17, 
each deformation ( D sl o s ) is equivalent to a deformation with fixed divisor, and this defines a 
canonical bijection between equivalence classes of deformations of (D, a) and equivalence classes of 
deformations of a only: 

Def (D,cr)/ ---> Def (cr)/~ (3.20) 

Lemma 3 . 12 . Let M be compact. The rectification of divisors given by Lemma 1.17 defines a 
canonical bijection between equivalence classes of deformations of(D,o) and equivalence classes of 
deformations of o with D fixed. 
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As a result, the deformation theory of the stable generalized complex structure 1 is equivalent 
to the theory of deformations of the corresponding complex log symplectic structure cr, keeping the 
anticanonical divisor fixed. We now characterize these completely by defining a period map. 

Definition 3.13. Let cr si s £ [0,1], be a deformation of the complex log symplectic structure cr 
with (M, H , D) fixed. Its period is defined to be the path given by 

s^V(a s ) = [a s -a}£H 2 (M\D,C), (3.21) 

where we use the identification of H 2 (M,\ogD) with H 2 (M\D, C) in Theorem 1.3. 

Theorem 3.14. Let cr be a complex log symplectic structure on (M,H,D) with M compact. The 
period map defines a canonical bijection between germs of deformations of cr up to equivalence and 
germs of smooth paths beginning at the origin in H 2 (M\D,C). 

Proof. First we show that the period map descends to equivalence classes. Let cr s , cr( be equivalent 
deformations of cr. To show that V{cr s ) = V(a' s ), it suffices to show that [ a' s — cr s ] = 0 for each 
s. Fix s and let <To = a s and o\ = a' s . Equivalence of deformations implies that there is a time- 
dependent elliptic vector field X and 1-form £ which determine an interpolating family cr t given by 
a t = (ip* ) _1 (cr 0 + B t ), where ip t is the t-flow of X and B t is given by (3.18). To show [a± — cr 0 ] = 0, 
we prove the infinitesimal version, that \dtcrf\ = 0: 

dtcrt = —L v t X (Jt + bt 
= -d(tpiX_HT t +Z), 

where we have used that da t = H for all t to obtain the result. 

The main difficulty is to show the period map is injective on germs: let cr s , a' s be two deforma¬ 
tions of cr with the same period, i.e. [a s — er] = [<j' s — cr] for all s. We aim to show that a si a' s have 
equivalent germs about s = 0, using a 2-step Moser method in families. 


Step 1. We begin by finding an equivalence between the family a' s and a family a" whose imaginary 
part coincides with that of a s . Decompose a s = b + iu> s and <j' s =b' s + iu>' s into real and imaginary 
parts. Since [cr' — cr s ] = 0, the imaginary parts ui' s ,ui s are cohomologous in the elliptic de Rham 
cohomology, i.e. there exists a smooth family of primitives a s £ I2 1 (log |D|) such that 

w' — u> s = da s (3.23) 

and ao = 0. We then interpolate between oj s and w', defining 

0J s ,t = toj' s + (1 — t)uj s , (3.24) 


which is an elliptic symplectic form for all t £ [0,1] if s is sufficiently small (since oj' 0 = wo). Now 
let X s = u}f]a s be a family of vector fields, each time-dependent, and let t be the exact time-f 
flow generated by A' s . Applying this flow at time 1 to cr', we obtain a new deformation a" of cr s , 
defined by 

nt 


= «irv a +£'i), 


Kt = 


ix a (v*s,u H ) du - 


(3.25) 


Then cr" — a s is an exact log form, but with zero imaginary part since p * ^oj a = oj' s . 


Step 2. We now produce an exact flow taking cr" to a s . First interpolate between the two families: 


<J s ,t = ter” + (1 - t)cr s . 


(3.26) 
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By Step 1, the time derivative dt.a St t = cr" — a s is exact as a log form, so we have dta s ,t = d( a , for 
Cs € fl 1 (log D) with Co = 0 and such that dC, a is a smooth real form. If v s = Im(C s ) then v a is a 
closed elliptic 1-form. To trivialize this interpolating family using an exact flow, we need a family 
of sections e a = Y S + of TM with the property that 

d t (7s,t = -ddip^Ys )J <j s i - C s ), (3.27) 

where ip a j is the time-t flow of Y s . We may solve this as follows: let Y s = — wj 1 (^ s ), a family of 
time-independent Poisson vector fields associated to the closed elliptic form v a \ then ipl^Yg = Y s 
and, crucially, Cs + *y a c r s,t has zero imaginary part. By Proposition 1.11, this implies that it is a 
family of smooth real closed 1-forms 


£s = Cs + iY.&s,u (3.28) 

solving (3.27) and so providing the required exact flow identifying <r" with cr s , completing the proof 
of injectivity. 

Finally, surjectivity of the period map follows from the fact that for any path 7 : [0,1] —> 
H 2 (M\D, C) with 7 ( 0 ) = 0, we may lift this to a smooth family of cocycles 7 : [0,1] —» f2 2 (logH) 
with 7 ( 0 ) = 0. Then, since the nondegeneracy condition is open, tr s = a + 7 (s) is, for sufficiently 
small s, a deformation of <7 whose period realizes the given path germ. □ 

Remark 3.15. When the flux H vanishes, the complex log symplectic form <7 itself defines a class 
in H 2 (\ogD), and so the image of the period map may be taken to be naturally centered at [a]. 

In summary, we have shown that the local deformation problem for a stable generalized complex 
structure 1 on the fixed manifold with 3-form (M, H) is equivalent to the local deformation problem 
for the complex log symplectic structure (D, a) determined by 1 , and that this, in turn, is equivalent 
to the local deformation problem for a , keeping D fixed. Finally, this last deformation problem is 
governed by a period map to a neighbourhood of zero in H 2 (M\D, C). We therefore obtain the 
following explicit description, in the stable case, of the Kuranishi family of local deformations of 
generalized complex structures described in [ 22 ]: 

Corollary 3.16. The Kuranishi moduli space of deformations of the stable generalized complex 
structure 1 is unobstructed and is identified by the period map with an open set surrounding the 
origin in H 2 (M\D,C), where D is the anticanonical divisor of I. 

Example 3.17. Consider the case of Example 2.17 in which 7 r is a generic holomorphic Poisson 
structure on the complex projective plane, vanishing on a smooth elliptic curve D C CP 2 . Then 
H 2 (M\D) is 2-dimensional, implying that all germs of deformations deformations of the generalized 
complex structure defined by 7 r are, up to equivalence, obtained by deforming the holomorphic 
section n. ■ 

Example 3.18. The generalized Kahler structure on the Hopf surface described in [23, Example 1.21] 
involves a pair Jf_, J + of stable generalized complex structures on M = S 3 x S 1 , each integrable 
with respect to a cohomologically nontrivial 3-form H, and each of which has anticanonical divisor 
D± given by a single T 2 fiber of the Hopf projection 5 3 x S 1 S 2 . Therefore, the period map for 
J± takes values in H 2 (M\D±, C), which is 1-dimensional since M\D± is homotopic to T 2 . ■ 

3.3 The period map for variable flux 

A similar strategy to that used in the previous section may be used to describe the local moduli 
space of simultaneous deformations of the stable generalized complex structure 1 and the closed 
3-form H for which 1 is integrable. 
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Definition 3.19. A deformation of the pair (I,H) is defined to be a smooth family (1 S ,H S ), 
s £ [0,1]: °f generalized complex structures where each J s is integrable with respect to H s and 
such that (Jo, Ho) = (J, H). Two such deformations (J S ,H S ) and (J),, H' s ) of the same pair are said 
to be equivalent when there is a family of vector fields X s and real 2-forms b s , each allowed to be 
time-dependent, such that the time-1 flow d>i(X s ,6 s ) takes J s to J(,. 

Unlike the equivalence relation in the previous section, where only exact flows were used, here we 
use any path of equivalences of generalized complex structures, without regard to the effect on the 
3-form. As a result, Theorem 3.7 implies that deformations of pairs (J,U) are, up to equivalence, 
in bijection with equivalence classes of deformations of co-oriented elliptic symplectic structures 
(Q, o) with vanishing elliptic residue, where a deformation is defined as usual and two deformations 
are equivalent if there is a family of diffeomorphisms taking one to the other. 

Any family Q s of elliptic symplectic structures may be viewed as a family of elliptic symplectic 
forms oj s = Qj 1 for the family of elliptic divisors defined by (A 2 "TM, A"Q s ), and just as in the 
previous section, we may always rectify the family of divisors by a path of diffeomorphisms. As 
a result, we may pass directly to deformations of elliptic symplectic forms with fixed underlying 
elliptic divisor. 

Definition 3.20. Fix the manifold M, the elliptic divisor |D|, and the elliptic symplectic form 
oj. A (zero-residue) deformation of w is a smoothly varying family oj s £ fl 2 (log |D|), s £ [0,1], 
of elliptic symplectic forms such that ojq = oj (such that each oj s has zero elliptic residue). Two 
such deformations ui s ,ui' s are equivalent when there is a family of time-dependent sections X s of 
the elliptic tangent bundle T(— log |D|) whose associated time-1 flow takes oj s to oj' s . 

We then have the analog of Lemma 3.12, allowing us to pass between deformations of pairs 
(J, H) and of elliptic symplectic forms. 

Lemma 3.21. Let J be a stable generalized complex structure on ( M,H ) with M compact. Rectifi¬ 
cation of divisors defines a canonical bijection between equivalence classes of deformations of (J, H) 
and equivalence classes of zero-residue deformations of the elliptic symplectic structure oj = Q~ x 
with fixed divisor \D\ = (A 2 "TM,A"Q), where Q is the real Poisson structure underlying J. 

We now define a period map for deformations of pairs (J, H): since, after rectification, these 
give a family of elliptic symplectic forms with zero elliptic residue, our period map must take values 
in H§(log\D\). 

Definition 3.22. Let u> s , s £ [0,1], be a zero-residue deformation of the elliptic symplectic structure 
oj, with fixed elliptic divisor \D\. Its period is defined to be the path given by 

s H* T{uj s ) = [w 8 ] <£ H 2 (M\D,M.) ® 1? 1 (D,M), (3.29) 

where we use the identification of Hq(M, log |D|) with the above group from Theorem 1.12. 

Theorem 3.23. Let oj be an elliptic symplectic form with zero elliptic residue on the compact 
manifold with elliptic divisor (M, |D|). The period map defines a canonical bijection between germs 
of deformations of oj up to equivalence and germs of smooth paths beginning at [w] £ H 2 (M\D,WL)(B 
H'iD ,R). 

Proof. The proof is a simpler version of that for Theorem 3.14. The period map descends to 
equivalence classes because equivalence uses flows of elliptic vector fields, which act trivially on the 
elliptic de Rham cohomology groups. 

To show injectivity of the period map, suppose oj s ,uj' s are two deformations of oj with the same 
period, so that [w s ] = [w(] in (log |D|). Then we can apply a simple Moser argument to identify 
oj s with oj' s in a sufficiently small neighbourhood of s = 0. 
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As in the previous case, surjectivity holds for germs by the openness of the nondegeneracy 
condition for elliptic symplectic forms. □ 

In summary, we have shown that the local deformation problem for the pair (1, H) of a stable 
generalized complex structure on the fixed compact manifold M is equivalent to the local deforma¬ 
tion problem for the zero-residue elliptic symplectic form to = Q~ x determined by 1 , and that this 
is governed by a period map to a neighbourhood of [w] £ (log |D|). 

Corollary 3.24. The Kuranishi moduli space of simultaneous deformations of the pair (1, H) of a 
stable generalized complex structure integrable with respect to H is unobstructed and is identified by 
the period map with an open set surrounding the class determined by the underlying real Poisson 
structure Q in ff 2 (M\Z?,R) © H 1 (D, R), where D is the anticanonical divisor o/J. 

Remark 3.25. Let be a compact stable generalized complex manifold. The forgetful 

map from deformations of (S,H) to deformations of H induces a map on cohomology groups 
7Lg(log|Z?|) —> H 3 {M, R) which by Theorem 1.13 is the projection from /^q (log |Ti>|) to 1L 1 (D,K) 
followed by the Thom-Gysin map to H 3 (M, R). Consequently, not all directions from [H] in 
H 3 (M, R) may be obtained by deforming the pair (S,H): only those in the kernel of the pullback 
i* : H 3 (M, R) —> H 3 (M\D, R) to the anticanonical complement. 

Example 3.26. Revisiting Example 3.18, we see that deformations of the pair (I±,H) are controlled 
by a period map to H 2 (M\D±) © H 1 (D±), a real vector space of dimension 3, in contrast to the 
period map for JJ-t, which maps to a complex line. ■ 

3.4 Topological constraints for stable structures 

The equivalence between stable generalized complex structures and logarithmic symplectic forms 
developed in this section, together with the computations of logarithmic and elliptic de Rham 
cohomology in Section 1, lead to topological consequences for the anticanonical divisor D, which 
must admit generalized Calabi-Yau structure, as well as for M\D. 

Theorem 3.27. Let be a stable generalized complex manifold of dimension 2 n whose 

anticanonical divisor D, has a compact component , D'. Then the following hold: 

1. D' fibers over T 2 , b\(D') > 2 and x(-D') = 0; 

2. If M is compact, the pair (JT, if) can be deformed so that the generalized Calabi-Yau structure 
on each component of D is proper. 

3. If c\{K)\ D i = 0 , then the twisting class of D' vanishes, D' admits a symplectic form and there 
are classes a,b £ H 1 (D I ) and c £ H 2 (D’) such that abc n ~ 2 ^ 0. 

Proof. The first and last claims follow directly from Theorems 2.19, 2.15 and 2.8. As for the second 
claim, if w is the elliptic symplectic form associated to 1, then u induces two classes in H l (D,\ R). 
The first, Res r [u;], comes from the second component of the isomorphism from Theorem 1.12: 

H 2 {\og\D\) ; > H 2 (M\D,R)(BH 1 (D,R) , (3.30) 

(i ,Res r ) 


and the second is obtained by applying the topological residue map R (c.f. Proposition 1.4) to the 
first component **[w]. If a is the complex log symplectic form representing 1, then the complex 
1-form 12 making up the generalized Calabi-Yau structure of D satisfies 

[fi] = [Res(cr)] = i^Ri*[ui\ +iRes r [w]. (3.31) 
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Since we have the period map for elliptic symplectic forms, we may perturb u>, keeping it symplectic 
but also ensuring that its classes in H 1 (D,'M.) and H 2 (M\D,M 1) have periods which are rational 
and rational multiples of 2ir , respectively, therefore making the periods of [fl] rational. Then the 
argument from Theorem 2.8 shows that the Calabi-Yau structure induced on D is proper. By 
Theorem 3.7, this deformation of to corresponds to a deformation of the pair (J, H ), as needed. □ 

Next, we state the topological constraints placed on M by the stable generalized complex 
structure, in analogy with those obtained in [7, 31] for real log symplectic structures. 

Theorem 3.28. Let (M,H, J) be a stable generalized complex manifold of dimension 2 n whose 
anticanonical divisor D has at least one compact component, D'. Then the following hold: 

1. There is a class a £ H 2 (M\D) such that a n ~ 1 7 ^ 0; 

2. There is a class /3 £ H 2 (M\D) such that (3 2 = 0 and a "^ 1 /? 7 ^ 0, both as classes with compact 
support. 

Proof. 1 . Let oj be the elliptic symplectic structure corresponding to 1, and let i : M\D —7 M 
be the inclusion of the divisor complement. Then by Theorem 1.8, the class [w] £ H 2 (\og\D\) 
decomposes as [w] = a + 7, with a = i*[uf\ a class in H 2 (M \ D,R) and 7 = Res^w] a class in 

The key geometric observation is that since w n is nowhere vanishing, its radial residue defines a 
volume form on S 1 N and so Res r ([w]”) 7 ^ 0 in Lf 2 n_ 1 (S' 1 iV.D , ,R), where S 1 ND' denotes the circle 
bundle of the normal bundle of D'. We then use the description of cup product on elliptic de Rham 
cohomology from Theorem 1.9 to compute 

Res r ([w n ]) = Res r ([w]") = nr (i*[w]" _1 ) U Res r [w] = nr(a Il_1 ) U 7. (3.32) 

where r : H 2 (M\D, R) —7 H 1 (S 1 N, R) is the canonical restriction map (1.30). Since the above 
class is nonzero on D', we obtain that a n ~ 1 7 ^ 0, as required. 

2. Identify S 1 ND' with the boundary of a small tubular neighbourhood of D', including via 
k : S 1 ND' —> M\D into the divisor complement. By the proof of the first part, we see that 
k* a”- 1 U 7 7 ^ 0. Pushing forward along k, we get a class of compact support fc* 7 in H 2 (M\D) 
with the property a " -1 U £77 7 ^ 0 in cohomology with compact support. At the cochain level, fc* 7 
is obtained by wedging with a Thom form for the normal bundle of S 1 ND' , so it squares to zero 
and hence the same holds in cohomology. □ 

Corollary 3.29. Let M 2n be a compact manifold and i : D 2n 2 —7 M 2n a compact submanifold. 
If i* : i 7 1 (M) —7 H 1 (D) is surjective and i* : H 2 (M) —7 H 2 {D) is injective, then M does not have 
a stable generalized complex structure whose type change is D. 

Proof. Let U be a tubular neighbourhood of D. The sequence for the pair (M, U) gives the vanishing 
of the relative cohomology group H 2 (M,U). Since U can be made arbitrarily small, this implies 
the vanishing of the compact support cohomology group H 2 (M\D), precluding the existence of the 
nonzero class /3. □ 

Example 3.30 (Lefschetz hyperplane theorem). We saw in Example 2.17 that a holomorphic Poisson 
structure n defines a stable generalized complex structure when its Pfaffian n n vanishes transversely. 
We now observe that although many interesting holomorphic Poisson structures exist on Fano 
manifolds, that is, compact complex manifolds for which the anticanonical bundle is positive, these 
cannot define stable generalized complex structures because the Lefschetz hyperplane theorem 
implies that the conditions of Corollary 3.29 are met, and so Fano varieties can not be deformed to 
stable generalized complex manifolds by means of holomorphic Poisson bivectors. This was known 
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before and is a consequence a simpler argument, as pointed out in [25]: Fanos are simply connected, 
and so any smooth anticanonical divisor must also be, contradicting the constraint b± ( D) > 2 from 
Theorem 3.27. 

Notice, however that the Lefschetz hyperplane theorem implies that conditions of Corollary 3.29 
are met whenever D is a positive divisor in a complex manifold M, hence no such pair (M, D) may 
admit a stable generalized complex structure, a fact which does not follow simply from Theorem 
3.27. 

The same argument carries through for symplectic manifolds: given a symplectic manifold 
(M 2 ",w) such that [w] is a rational class, for k large enough k[ui] determines a line bundle and by 
work of Donaldson [12], this line bundle has a section for which the Lefschetz hyperplane theorem 
holds. Again, Corollary 3.29 implies that the pair (M, D) cannot admit a stable generalized complex 
structure. ■ 


3.5 Darboux coordinates about a degenerate point 

Start with complex coordinates ( w,z ) and extend by real coordinates a \,Pi,i = l,...,m — 2. 
Suppose that w is the local defining function for the complex divisor D. Consider the closed 
logarithmic 2-form 

(To = dlog w A dz + ico, (3.33) 

where u> = JT dxi A dpi is the standard symplectic form. Then this is a complex log symplectic 
structure since its imaginary part is nondegenerate in the elliptic sense: 

(ImVo) m = d\ogw A g? logic A dz A dz A w m_1 (3.34) 


is a nowhere vanishing elliptic form of top degree. Our aim is to prove that locally all complex log 
symplectic forms are equivalent to the one above. 

More precisely, we show that if (cr, H) is any complex log symplectic form, integrable with 
respect to the 3-form H, then we can find a smooth real 2-form b and a diffeomorphism p such 
that 


p*H + db = 0 
p* cr + b = er 0 . 


(3.35) 


Theorem 3.31. Any complex log symplectic form is equivalent, near a point on its degeneracy 
divisor, to the normal form (3.33). 


Proof. We are only concerned about the local structure near a point p on the divisor, so we may 
identify the divisors and assume that the algebroid T(— logD) is fixed for the remainder of the 
argument, and that both a and cr 0 are elements of D 2 (logD). We also assume that <To,cr induce 
the same orientation on the neighbourhood, in the sense that the elliptic volume forms (3.34) of 
(To, (T have positive ratio. 

Let u)q, u> be the imaginary parts of erg, cr, which are elliptic forms with vanishing elliptic residue, 
by Proposition 1.11. By Theorem 1.12, in a small ball W surrounding a point on the divisor, we 
have Hq(W, , log \D\) = H 2 (W\D, R) ® iL 1 (W n D), both of whose summands vanish since W\D is 
homotopic to the circle and W D D is contractible. Hence w,wo must be cohomologous: 

to = wq + da, a € D 1 (W, log |D|), a{p) = 0. (3.36) 


Furthermore, we may choose a such that it vanishes at p as a section of T*(log|D|), which is 
possible since locally we have a basis of closed sections. We then employ the Moser argument: 
the interpolating family u>t = tuj + (1 — t)u>o is nondegenerate for all t £ [0,1] and has derivative 
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-^ujt = da. The vector field X t = wf 1 a is then a section of T(— log |D|) which vanishes at p , so that 
we may integrate it (in a possibly smaller neighbourhood of p) to a flow <p t such that = ui 0 . 

Having found ip such that <p*o, <jq share an imaginary part, we may appeal to Proposition 1.11 
to conclude that <p*o — oq = —b for a smooth real 2-form b, which by the integrability condition 
satisfies ip*H + db = 0, as required. □ 

In view of the equivalence between stable generalized complex structures and complex log sym- 
plectic forms, the existence of the normal form (3.33) means that we have a normal form for stable 
generalized complex structures. Indeed, a generator for the canonical line bundle may be written 
as 

we a ° = (w + dw A dz) A e*“, (3.37) 

which may also be viewed as a deformation of the type 2 structure 

dw Adz A e lu (3.38) 

by the holomorphic Poisson structure wd w Ad z . In fact, one can alternatively deduce the local nor¬ 
mal form from Bailey’s theorem [1], which states that near a point of type fc, a generalized complex 
structure is equivalent to the product of a symplectic structure with a deformation of the complex 
structure on a neighbourhood of the origin in C fc by a holomorphic Poisson structure vanishing at 
the origin; this, together with the nondegeneracy assumption, determines the form (3.37) uniquely. 

3.6 Linearization about the degeneracy locus 

In Section 2.5, we introduced the linearization of a stable generalized complex 1 structure along its 
anticanonical divisor D. This is a C*-invariant stable structure on the total space of the normal 
bundle IV of D, and was defined purely in terms of the induced geometric structure on D, namely, 
the generalized Calabi-Yau structure and the generalized holomorphic structure on TV. We now 
show that 1 is equivalent to its linearization J 7 in a sufficiently small neighbourhood of D , using a 
Moser argument applied to the complex log symplectic structures associated to J,J'. 

Theorem 3.32. Let l,! 7 be stable generalized complex structures on (M,H) with the same anti¬ 
canonical divisor D. 7/1, J 7 induce the same generalized Calabi-Yau structure on D, as well as the 
same generalized holomorphic structure on the normal bundle to D, then 1 and J 7 are equivalent 
on a neighbourhood of D. In particular, any stable generalized complex structure is equivalent to 
its linearization in a sufficiently small tubular neighbourhood of D. 

Proof. Let cr, o' be the complex log symplectic forms corresponding to 1,1', let w be a local defining 
function for the anticanonical divisor, and let l : D —>• M be the inclusion. That is, 1,1' have local 
trivializations p , p' for their canonical bundles given by 

p = we a , p' = we a . (3.39) 

The assumption that 1,1' induce the same Calabi-Yau structure on D is the condition 

Res(e CT ) = Res(e CT ). (3.40) 

Now write a = d log wAfl+f and o' = d log wALl'+ ft, for H, LI’ and /3, f smooth complex forms, 
so that Res(er) = and similarly for o'. Then condition (3.40) is equivalent to the condition that 

L*(Sle & ) =C(H , e /3 '). (3.41) 

This implies that t*(f l' — H) = 0 and also that (*(/?' — /?) A t*S2 = 0. 
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The condition that 1, J 7 induce the same generalized holomorphic structure on the normal bundle 
N to D is equivalent to the condition that the modular vector fields X + £, X' + f associated to 
p, p', determined uniquely by the conditions 

ixd + £ = 0 ix'O 1 + £' = 0 

ix& + £ = dlog w ix'cr'+ £'= dlogw, 

must induce the same connection forms for the normal bundle, namely 

X + = X' + L*C, 

as sections of Tc D. From (3.42), we have that ix'cr + £' = i.\cr' + £, and using (3.43) this implies 
that L*(ix{<j' — a)) = 0, and therefore L*(ix(/3' — /?)) = 0. But note that (3.42) implies that 
L*(ixty = —1, and applying X to the equation t*(/3' — /3) A = 0, we obtain that t*(/3 / — /3) = 0. 
So, we have that 

a' — a = dlogw A (If — fi) + (/3' — /3), (3.44) 

and each of the components f2' — ST and /3' — (3 are smooth forms which vanish upon pullback to D. 
We apply Lemma 3.33 to each of these components to conclude that a' — a, as a complexified elliptic 
form, vanishes along D ; in particular its imaginary part is an elliptic form which vanishes along D. 
We now apply Lemma 3.34 to conclude that a ', a are equivalent in a tubular neighbourhood of D , 
as required. 

For the final statement, let J 7 be the linearization of 1 along D , as defined in Definition 2.20. 
By the construction of the linearization, we may identify a tubular neighbourhood of D with a 
neighbourhood in its normal bundle in such a way that the anticanonical divisors of 1 and J 7 are 
identified. Then 1,1' are integrable with respect to three-forms H , H‘ respectively, which agree on 
D , i.e., l*H = l*H'. Therefore H,H' are cohomologous in a tubular neighbourhood of D , and 
we may choose B such that dB = H' — H and with the additional property i*B = 0. We may 
then gauge transform 1 by B so that 1,1' share the same 3-form H, without changing the fact 
that, by construction, 1,J' induce the same generalized Calabi-Yau structure on D and the same 
holomorphic structure on its normal bundle. We then proceed as before. Q 

Lemma 3.33. Let D be a complex divisor, t : D —► M the inclusion map, and a : T{— log |D|) —> 
TM the anchor map for the elliptic tangent bundle. If w is a smooth differential form such that 
l*u 7 = 0, then a*w is an elliptic logarithmic form which vanishes along D. 

Proof. Let (r, 9, X 3 ,..., x n ) be local coordinates near D as in Section 1.2, and let u = rcosO, 
v = rsin0, so that D is the common zero set oi u,v and we may write 

vj = du A dv A wq + du A w\ + dv A W 2 + w 3, (3.45) 

where Wi are smooth forms lying in the subalgebra generated by dx 3 ,... dx n . Then since du = 
ud log r — vdd and dv = vd log r + udO , we see that the first three summands in (3.45) vanish along 
D as elliptic logarithmic forms. Finally, l*k 73 = 0 if and only if W 3 vanishes along D , implying it 
vanishes as an elliptic form as well. □ 

Lemma 3.34. Complex log symplectic forms whose imaginary pails coincide along D must be 
equivalent in a tubular neighbourhood of D. 

Proof. Let cro,eri be the given forms, and let their respective imaginary parts be u>o,u)i, elliptic 
forms which coincide along D. The linear interpolation ut = tuj\ + (1 — t)ui 0 is nondegenerate 
for all t £ [0,1], and has derivative uj t = — u>q, a closed elliptic form vanishing along D. By 


(3.42) 

(3.43) 
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Lemma 1.10, it is exact, so that uj± = ujq + da for a £ il x (W, log |D|). Then the vector field 
X f = ujf 1 (a) is tangent to the compact submanifold D , meaning that the time-1 flow p exists in 
a sufficiently small neighbourhood of D and satisfies p*uj\ = ujq. We complete the proof as we did 
for Theorem 3.31, using Proposition 1.11 to argue that ip*cr\ — op = for a smooth real 2-form b 
satisfying tp*H + db = 0. □ 

3.7 Symplectic filling in dimension four 

The idea that one can perform surgeries on a symplectic manifold to produce nontrivial examples 
of stable structures has been used to produce large families of examples in four dimensions [8, 9, 19, 
37, 38]. As an application of the normal form about the anticanonical divisor 3.32, we show that 
a converse to this also holds, in the sense that any stable generalized complex 4-manifold may be 
modified in a neighbourhood of its anticanonical divisor to produce a compact symplectic manifold. 

Theorem 3.35. Let M 4 be a compact stable generalized complex manifold whose anticanonical 
divisor has connected components D\ ,..., D n . Then for each i there is a tubular neighbourhood Ui 
of Di, a symplectic manifold with boundary {Xi,ujf) and an orientation reversing diffeomorphism 
of coisotropic submanifolds : dXi dUi, so that 


M = M\U U^, X (3.46) 

is a symplectic manifold, where U,ip,X denote the unions of Ui,tpi, Xi for all i. 

Further, X., can be chosen so that b + (Xi) > 0 and the restriction map H 2 {Xf) —» H 2 (dXi) is 
surjective. 

Proof. Let uj be the elliptic log symplectic form associated to the stable generalized complex struc¬ 
ture and Ui be a tubular neighbourhood of a component Di of the anticanonical divisor in which 
uj is equivalent to its linearization on TV, the normal bundle of D. After a choice of Hermitian 
structure and connection on TV and identification of TV with a tubular neighbourhood we have that 
on an e-disc bundle, D e N, of TV 


uj = d log r /\ u)\ + 0 f\ UJ 2 + 0 J 3 , 

where ujj are forms pulled back from D,. If E = rd r , then we have that that Ceu> = 0 and E is 
transverse to S 1 N, hence uj induces a co-symplectic structure on S 1 N, i.e. a pair of closed forms 
a £ n 2 (5' 1 TV) and r £ H 1 (<S' 1 TV) such that cr rl_1 Ar/0, namely, er = w|sqv and r = ixuj\s 1 N- 
To prove the result we consider M\D E N and we need to prove that d(M\D e N) = S X N can 
be filled symplectically. By the coisotropic neighbourhood theorem, to achieve this it suffices to 
find a copy of each component Y of S 1 N as a separating submanifold in a compact symplectic 
four manifold ( X,ujx ) such that ujx restricted to Y is a. This is achieved by observing that co- 
symplectic 3-manifolds are particular examples of taut foliations: indeed, r determines an integrable 
distribution and <7 is a positive form on the leaves. Therefore our result follows from the following 
general result of Kronheimer and Mrowka on 3-manifolds with taut foliations: 

Theorem 3.36 ([29, Theorem 41.3.1]). Let Y be a closed oriented 3-manifold. Suppose that Y has 
a taut foliation, T, and let a be a closed 2-form on Y which is positive on the leaves of F. Then 
there is a closed symplectic manifold (X,ujx) containing Y as a separating submanifold and such 
that the restriction of uox to Y is a. 

Furthermore, if Y is not S 1 x S 2 , then we can arrange that the map H 2 {X) F[ 2 {Y) is 

surjective and that the two components Xi and X 2 into which Y divides X both have b + > 0. 

□ 
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3.8 Neighbourhood theorem for Lagrangian branes 

In this section we introduce the elliptic analog of the cotangent bundle construction in symplectic 
geometry, and in this way produce a large family of examples of stable generalized complex mani¬ 
folds. We also prove a generalization of Weinstein’s Lagrangian neighbourhood theorem, resulting 
in a normal form result for neighbourhoods of Lagrangian branes in stable generalized complex 
manifolds. 

Let D = ( R,q ) be an elliptic divisor on the n-manifold L , and TL(— log |£)|) the associated 
elliptic tangent bundle. Then let M = tot(T*L(log |£)|)) be the 2n-manifold defined by the total 
space of the elliptic cotangent bundle, with projection map 7 t : M —> L. Then 7 t*D = (n*R,7r*q) 
defines an elliptic divisor on M, and we have a tautological one-form 0 £ f2 1 (M, log \tt*D\) defined 
in the familiar way: 

©*(*) = £(tt.X), (3.47) 

for £ G M and X £ TM (— log \ir*D\). 

Theorem 3.37. The derivative w = dO of the tautological 1-form (3.47) on the total space of the 
elliptic cotangent bundle is an elliptic symplectic form with vanishing elliptic residue. Furthermore, 
it satisfies Iew = 0 for E the Euler vector field, which is therefore Liouville in the sense 


Leoj = w. (3.48) 

Proof. Using coordinates on L as in (1.13), we write any elliptic 1-form as 

0 = s d log r + tdd + J2i=3Pid x i> (3.49) 

defining an extension of the coordinate system to M and providing an explicit expression for the 
tautological form. Its derivative is then 

dQ = ds A dlogr + dt A d6 + dpi A dxi, (3.50) 

showing that w is nondegenerate and has zero elliptic residue. Since the Euler vector field is 
E = sd s + tdt + T^iPidpi, we obtain ieco = 0 directly from the local expression. □ 

We now show that the elliptic cotangent bundle construction is the universal example of a 
Lagrangian neighbourhood. Let oj £ fl 2 (M, log |D|) be an elliptic symplectic form, and let f.L^t 
M be a submanifold transverse to D , so that D pulls back to define an elliptic divisor D D L in L. 
We then have an induced inclusion map 

t* : TL{— log | D 0 L\) ->• TM(- log |D|), (3.51) 

and we say that L is Lagrangian when i*u! = 0. 

Theorem 3.38. Let (M,D,u>) be an elliptic symplectic manifold and L a compact Lagrangian 
submanifold transverse to D. Then a neighbourhood of L in M is isomorphic to a neighbourhood 
of the zero section in T*L( log \ LC\D\). 

Proof. The inclusion (3.51) has cokernel given by the normal bundle of L, which is identified with 
Mo = T*L(\og\D n L\) by the elliptic symplectic form. We then choose an identification of a 
tubular neighbourhood U of L with a neighbourhood of the zero section in Mq, with the property 
that the elliptic divisors on U and Mq are identified. Then the canonical form (3.50) and the 
given form define a pair of elliptic symplectic forms uiq,wi on U such that l*coq = i*ui\ = 0. But 
this implies that u>q,uji are cohomologous in U since ( U,D ) is smoothly homotopic to (L,D n L). 
That is, wi — wq = df for some £ £ U 1 (U, log |£>|). To produce a diffeomorphism taking wq to wi, 
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we apply the Moser argument: the interpolating family of symplectic forms w* = tw 1 + (1 — t)u >o 
satisfies 1 t uj t = dl ;, and so we obtain the required diffeomorphism by integrating the (elliptic, hence 
smooth) vector field X t = — Let n : U —> L be the retraction. Since Pdf, = 0, we may 

subtract 7 PPf from £ in order to ensure that £ is chosen such that Pf = 0. But then £ is conormal 

to L away from L D D and so the vector field X t is tangent to L. By compactness of L , we may 

integrate X t for unit time in a sufficiently small neighbourhood of L, yielding the result. □ 

Example 3.39. Let I be a 3-dimensional Lagrangian submanifold in a stable generalized complex 
6 -manifold M which is transverse to the anticanonical divisor D. Then L D D defines a complex 
divisor K C L with zero locus consisting of a link of embedded circles. A tubular neighbourhood 
of L in M is then isomorphic to the canonical structure on the total space of T*L(\og K) provided 
by Theorem 3.37. ■ 

The results of this section may be used to obtain a classification of a certain class of generalized 
complex branes, defined as follows (we simplify the definition given in [22] by ignoring the vector 
bundle over the submanifold). 

Definition 3.40. Let be a generalized complex manifold. A brane is a pair ( L,F ) 

consisting of a submanifold l : L M and a 2-form F £ fi 2 (L,R) such that PH = dF and 

Jt> = Tp, where Tp = {X + £ £ TL ® T*M | Pf = ixF}. 

The bundle Tp is an extension over L of the form 

N*L.-^4f?p-i — ->TL , (3.52) 

and requiring that Tp is 1-invariant implies that Q(N*L) C TL, i.e., that L is coisotropic for the 
underlying real Poisson structure Q. In the stable case, therefore, there is a distinguished class of 
Lagrangian branes, essentially defined to be Lagrangian for the elliptic symplectic form away from 
the anticanonical divisor: 

Definition 3.41. Let (M, H, J) be a stable generalized complex 2n-manifold. We call the brane 
( L,F ) Lagrangian when L has dimension n and is transverse to the anticanonical divisor of J. 

Certainly, any Lagrangian brane defines a Lagrangian submanifold for the elliptic symplectic 
structure, but the converse also holds. 

Proposition 3.42. Let I be a stable generalized complex structure on Then any subman¬ 

ifold L C M which is transverse to the anticanonical divisor D and Lagrangian for the elliptic 
symplectic structure underlying 1 inherits a 2-form F making it a generalized complex brane. 

Proof. Since L is transverse to D, we obtain an induced complex divisor Dp on L and an inclusion 
of logarithmic tangent bundles t* : TL(— \ogDp) —>• TM(-logD). Then let a be the complex log 
symplectic structure given by J; since L is Lagrangian, the imaginary part of l*<j vanishes, and 
by Proposition 1.11, it is a smooth 2-form, i.e. Per = F £ Q 2 (L,M). The integrability condition 
da = H then yields the required condition PH = dF. The condition Stf = Tp then automatically 
holds since it is a closed condition which is gauge equivalent, away from D , to the condition that 
L is Lagrangian in the usual sense. □ 

In this way, we have obtained a classification of neighbourhoods of compact Lagrangian branes 
in stable generalized complex manifolds, generalizing the following 4-dimensional result to all di¬ 
mensions. 
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Example 3.43 ([9, Theorem 2.6]). Let ( L,F ) C (M,H, JT) be a compact Lagrangian brane in a 
stable generalized complex 4-manifold. Then the generalized complex structure in a tubular neigh¬ 
bourhood of L is completely determined by the (O-dimensional) complex divisor Dl = DnL , which 
itself is completely determined by orienting the tangent spaces T p L at each of the finitely many 
points p £ DfiL. ■ 


4 Implications for deformation theory 

In Section 3, we showed that the deformation problem for stable generalized complex structures, 
with or without fixing the background 3-form, is unobstructed. These deformation problems are 
governed by a differential graded Lie algebra and a Loo-algebra, respectively, and the unobstruct¬ 
edness suggests that these algebras are formal, i.e. quasi-isomorphic to a differential graded Lie 
algebra with vanishing bracket. In this section we will establish the basic results which verify this 
formality. 

4.1 Real Poisson deformations 

We begin with a motivating example from real Poisson geometry. Let n be a real Poisson structure 
on the smooth manifold M. The deformations of ir are governed by the Lichnerowicz differential 
graded Lie algebra of multivector fields with Lie bracket given by the Scliouten bracket and 
differential given by d v = [tt 1 •]. Specifically, a deformation of the Poisson structure is given by a 
tensor e £ 5£ 2 T such that 

d v e + §[e,e] = 0. (4.1) 

This deformation theory has the special feature that it receives a morphism of differential graded 
Lie algebras from the usual de Rham complex 12* (M), equipped with the Koszul bracket [•, •]„., 
extending the Poisson bracket on functions. The morphism is given by the exterior powers of 7r: 

(Cl*(M), d, [., -] w ) -^4 (££, d n , [-, •]) (4.2) 

Importantly, this Koszul algebra is formal, in that it receives an L^ quasi-isomorphism / = 
(/i, /2 ,...) from the de Rham complex with trivial bracket. We refer to [13] for a careful description 
of this Loo morphism, and describe only its action on Maurer-Cartan elements: if B £ Q 2 (M) is a 
closed 2-fornr, then according to [13], the /c-lincar component of the L^ morphism is 

MB,--- ,B)=k\-B(nB) k ~\ (4.3) 

where we view B and 7r as maps between TM and T* M and the expression above is their successive 
composition. Therefore, the Maurer-Cartan element B in the abelian algebra is sent to the 2-form 

OO 

f* (B) = f k (B,...,B)=B + BnB + BnBnB + ■■■ (4.4) 

fc=l 

which converges to B( 1 — ttB) -1 when the endomorphism (1 — nB) has an inverse. This then 
satisfies the Maurer-Cartan equation for the Koszul bracket. Finally, we apply the morphism (4.2) 
to obtain 

e = A 2 7t(/*(L)) = ttBtt + ttBttBtt + • • • , (4-5) 

which satisfies (4.1), giving a deformation of 7r. While this may seem surprising from an algebraic 
point of view, it is well-understood in Poisson geometry (see [36]) and consists of the L-field 
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symmetry (2.1) applied to the graph of the Poisson structure n in T M. Indeed, if we let = 
"MO + £ | £ €E T*M }, then when (1 — ttB) is invertible, we have the identity 

e S r 7r =r (i—nB)- 1 *- (4-6) 

From a more pedestrian standpoint, one simply deforms tt by subtracting the pullback of B from 
the symplectic form on each symplectic leaf of n. 

If 7 r is invertible, then the morphism (4.2) is an isomorphism, and so all deformations of 7 r 
may be obtained by the B-field transform (4.6), reflecting the fact that the symplectic form 7 r _1 
is deformed by adding closed 2-forms. When n does degenerate, however, we cannot expect to 
capture all deformations of tt in this way. On the other hand, in the interesting case of real log 
symplectic structures as developed by [26], this failure can be repaired. 

A real log symplectic structure is a Poisson structure 7 r on a real 2n-manifold M such that 
A n 7r vanishes transverseley. The zero locus of A™ 7 t is a real codimension 1 submanifold Z, the real 
analogue of the complex divisors studied in Section 1. Similarly to the complex case, the sheaf 
of vector fields tangent to Z forms a Lie algebroid T(— log Z). The Poisson structure tt is then a 
section of A 2 (T(— log Z)), and so induces a Koszul bracket on the logarithmic de Rham complex 
fi*(M, logZ) as before. Furthermore, as a map from T(— logZ) to S2 1 (M, logZ), tt is invertible to 
a nondegenerate section of A 2 (T(— log Z))*, i.e., a logarithmic symplectic form. 

As observed in [32], we may factor the morphism (4.2) through the inclusion of forms into 
logarithmic forms, and the resulting morphism 

(n*(M, log Z), d, [•, -W d n , [-, •]) (4.7) 

is a quasi-isomorphism. The L ^ quasi-isomophism used in Section 4.1 then also factors through the 
inclusion of forms into logarithmic forms, inducing the same map on Maurer-Cartan elements (4.4), 
but for B € fl 2 (M, log .Z). Composing these two quasi-isomorphisms, we render the deformation 
complex formal, leading to the identification made in [32] of the local moduli space of log symplectic 
structures with an open neighbourhood of [ 7 r _1 ] in the second logarithmic cohomology group, which 
by the theorem of Mazzeo-Melrose [33] is canonically isomorphic to U 2 (M, K) ® H 1 (Z, R). 

4.2 Stable generalized complex deformations 

In [22], the deformation theory for generalized complex structures is described as follows. Since 
L, L are involutive subbundles in duality, we obtain a graded Lie bracket on the algebroid de Rham 
complex (fl*,di), where 

P*(M) = C°°(M,A k L*), (4.8) 

rendering it a differential graded Lie algebra. A deformation of the generalized complex structure 
1 is an element e in fl 2 (M) satisfying the Maurer-Cartan equation 

+ 5 [e, e] = 0. (4-9) 

If we set up a local deformation problem in which generalized complex structures are equivalent if 
they are related by diffeomorphisms connected the identity and exact B-field transforms, we obtain 
that the tangent space to the local Kuranishi moduli space is given by the Lie algebroid cohomology 
group H'f (M). 

For a stable generalized complex structure with anticanonical divisor D = ( K*,s ), we saw in 
Section 3 that the anchor map of L factors through the morphism T(—\ogD) -A Tc, and so we 
have the morphism a : L —> T(— log.D), which is an inclusion on sheaves of sections. Motivated 
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by the equivalence of stable generalized complex structures and complex log symplectic forms, we 
expect the dual sheaf inclusion 

a*:ft*(logD)->-n$, (4.10) 

to be a quasi-isomorphism, just as in the previous case. 

Proposition 4.1. The pullback a* of logarithmic forms for the anticanonical divisor to the algebroid 
de Rham complex f1* of a stable generalized complex manifold is a quasi-isomorphism, yielding the 
isomorphism 

H'f(M) = H k (M\D,C). (4.11) 

Proof. Working in the local Darboux coordinates of Section 3.5, we have that L* is locally generated 
by w~ 1 dz, dz, dw, as well as the remaining real symplectic generators dxi, dpi, i = 1,..., m— 

2, whereas fl 1 (log D) has identical generators except w~ l dz is replaced with dz. 

Viewing each complex as a dg module over the de Rham complex generated by the dxt,dpi, 
we may apply the Poincare lemma to reduce the problem to the case m = 2, that is, for C 2 with 
coordinates w, z. Then, viewing each complex as a dg module over the Dolbeault complex generated 
by dw, dz, we apply the Dolbeault lemma to reduce the problem to proving a quasi-isomorphism 
only for sheaves of holomorphic sections. 

We now compute the cohomology groups H k explicitly on C 2 in the holomorphic category. For 
/ G we have 

df = ( wd ul f)w~ 1 dw + ( wd z f)w~ 1 dz, (4-12) 

which vanishes if and only if / is constant, proving H'f = C, with the same generator as H°(\ogD). 

Now we compute Hf. For a = fiw~ 1 dw + f 2 W~ l dz, we may write a = w~ 1 a for a a smooth 
1-form, and 

da = —w~ 2 dw A a + w~ 1 da, (4-13) 

so that a is closed if and only if da = w~ l dw A a. For a smooth this is possible only if a = 
fdw + wa 1 for a' a smooth 1-form, which can be taken to satisfy io m a' = 0. Differentiating, we 
obtain df A dw + wda' = 0, implying that / is constant and a' = dg, so that a = fw~ x dw + dg, 
proving that H[ has rank 1 and is generated by the class of w~ 1 dw, also the generator for 17 1 (log D). 

Finally, we compute H\. Given any a = fw~ l dw A w~ x dz, write / = /o + wfi for fo,fi 
holomorphic functions with d z fo = 0. Then cr is exact: 

a = d(—fow~ 1 dz + (f~f 1 )w~ 1 dw). (4-14) 

This verifies that a* is an isomorphism on local cohomology groups, proving it is a quasi¬ 
isomorphism. The final isomorphism (4.11) then follows from Theorem 1.3. 

□ 

As described in Section 3, the real Poisson structure underlying the generalized complex struc¬ 
ture defines an elliptic log symplectic structure to, or equivalently, the imaginary elliptic Poisson 
structure 7r = iuj~ x j 2, which we may view as a section of A 2 Tc(— log |D|). This defines a Koszul 
bracket on the elliptic forms [•, which is induced on the logarithmic forms by the inclusion of 
fl*(M,\og D) in fl* (M,log |D|). As in the real log symplectic case (4.7), the quasi-isomorphism of 
complexes (4.10) defines a homomorphism of differential graded Lie algebras from the logarithmic 
de Rham complex with the above Koszul bracket to the deformation complex of the general¬ 
ized complex structure. Also, by the results of [13], there is a formality L^ quasi-isomorphisnr 
/ = (/i,/ 2 ,...) from the logarithmic de Rham complex to itself, taking the zero bracket to the 
Koszul bracket. Summarizing, we have the following morphisms 

(n*(Af,iogi>),d,o) 4 (n*(M,logz>),d, [vU 4 (f r L (M),d L , [•,•]), ( 4 . 15 ) 
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whose composition provides the formality map for the deformation complex of stable generalized 
complex structures. 

Proposition 4.2. The formality map given by the composition of the quasi-isomorphisms (4.15) 
takes a closed 2-form (3 £ fl 2 (logZ?) to the Maurer-Cartan element 

a* (/(£)) =r(P + Pnp + /37T/37T/3 + •••), (4.16) 

which converges to a*(/3(l — 7 r/ 3 ) —1 ) when 1 — nf3 is an invertible endomorphism ofT^M. 

Proof. We present a direct geometric calculation of the map on Maurer-Cartan elements which 
circumvents but coincides with the general algebraic method of [13]. Let a £ fl 2 (M, logH) be 
the complex log symplectic form corresponding to 1. Then L = {X + aX \ X £ T<£M} and its 
deformation by the closed logarithmic 2-form /3 is Lp = {X + aX + (3X \ X £ TqM}. Writing 
L /3 as the graph of a skew map from L to L = L*, and expressing this map as the pullback a* 6 of 
5 £ f2 2 (logD), we obtain that for every X £ T&M there exists Y £ TcM such that 

X + aX + /3X = Y + crY + (a*S)(Y + aY). (4.17) 

The map a* : T^M —» L may be written a *77 = irr] + anrj, and so we have 

X + aX + PX = Y + aY + nSY + anSY. (4.18) 

Equating tangent and cotangent components, we obtain (cr + /3)(1 + nS) = a + and. and solving 
for 6, we obtain S = /3(1 — n/3)- 1 , as required. □ 


4.3 Deformations with varying background 3-form 

In the previous section we studied the deformation theory of a generalized complex structure 1 
on the pair where H was a fixed real closed 3-form. We now consider the simultaneous 

deformations of (J, if): a deformation is given by e 6 0 2 (M) as before, together with a 3-form 
variation p £ fl 3 (M, R). The integrability condition for the deformed structure may be obtained 
as follows: first the deformed twisted differential d H+r> = d+ (H + 77 ) A • must square to zero, and 
second, we require that the deformed canonical bundle e e K satisfies the integrability condition (2.5) 
with respect to the deformed differential d H+v . 

The first condition holds if and only if dri = 0, and the second may be phrased in terms of the 
alternative grading (2.4): the operator 

e~ e d H+v e e = e -ade ( d H + 77 A •) (4.19) 


must have only degree +1 and -1 components, which holds if and only if the degree 3 component 
vanishes. Since we are deforming away from an integrable structure, d H decomposes into degree — 1 
and +1 components, namely d H = d + d, and we may decompose 77 into its components according 
to the decomposition of A 3 T M into summands S3L ® h?L for i + j = 3 which act by the Clifford 
action with degree j — i: 


77 = 77 3 ’ 0 


2,1 


!,2 


0,3 


(4.20) 


Finally, as a section of A 2 L, e acts with degree +2. Expanding (4.19) and extracting the degree 
+3 component, we obtain the sum of commutators 


77 0 ’ 3 - [e, 5 + 77 1 ’ 2 ] + i [e, [e, 9 + 77 2 ’ 1 ]] - £ [e, [e, [e, 77 3 ’ 0 ] 


(4.21) 
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The linear part of the above sum is simply r 7 0 ’ 3 — [e, d\, which may be written in terms of the anchor 
and de Rham operator for L as a *77 + d^e. Together with the earlier linear condition dr] = 0, this 
suggests that deformations are governed by the double complex 

-» n k ~ l n k L n k L +1 -> 

ta* t>* ta* ( 4 - 22 ) 

-> n^ 1 n k M -!*-> -> 

where the bottom row is the de Rham complex with real coefficients. In fact, the vanishing of 
(4.21) and the requirement dr] = 0 are the components of the Maurer-Cartan equation for an 
structure on the total complex of the above double complex. The L a0 structure may be obtained 
via the derived bracket construction of homotopy algebras [39], as implemented by [14] for the 
study of simultaneous deformations. 

In the case of stable generalized complex structures, this double complex receives a quasi¬ 
isomorphism from the double complex governing deformations of the pair (<r,H) consisting of a 
complex log symplectic structure integrable with respect to the real closed 3-form H . The latter 
complex is as follows: 


*D- 

-^log D- 

d , O fc +! 

' “logD 

-7- 


T 

T 

t 


(4.23) 

-^M 1 - 


d > C, k+1 

— > 



and the quasi-isomorphism is given by combining a* on the top row with the identity map on the 
bottom row. But the latter deformation problem is formal, with Maurer-Cartan equation for an 
element (/3, 77 ) £ n 2 (logH) © fi 3 (M,R) being 

d/3 + 77 = 0. (4.24) 

This leads us to the following conjecture, which should be tractable by combining the results of [13] 
and [15]: 

Conjecture 4.3. There is a canonical morphism from the total complex OJ H of (4.23) equipped 
with the zero bracket to the algebra structure on the total complex of (4.22), extending the given 
quasi-isomorphism and for which the map on Maurer-Cartan elements is given by the map 

(P,V) (a*(/3(l - tt/3) - 1 ), 77 ). (4.25) 

Using only the above quasi-isomorphism, we may go further: because of the short exact sequence 
of complexes (1.39), the total complex of (4.23) is quasi-isomorphic to the complex of elliptic forms 
with zero elliptic residue. As a consequence of Proposition 4.10, therefore, we obtain an explicit 
topological expression for the cohomology of the L x algebra controlling deformations of the pair 
(1, H) of a stable generalized complex structure with background closed 3-form H: 

Corollary 4.4. The total complex fl* H of (4.22) which controls the simultaneous deformations of 
stable generalized complex structures and background 3-forms is quasi-isomorphic to the complex of 
elliptic forms with zero elliptic residue, and its cohomology groups are given by 

H^ h = H k (M\D,Wl)®H k - l (D,mf). (4.26) 
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